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Abstract

A novel Distance Constraint Model (DCM) that combines concepts of free energy
decomposition (FED) and constraint theory has been found successful in predicting
thermodynamic stability in proteins and polypeptides. TheDCM represents micro-
scopic interactions as distance constraints having enthalpy and entropy contributions
that define a FED. We present new results for polypeptides that undergo aβ-hairpin to
coil transition using a minimal DCM that accounts for crosslinking hydrogen bonding
and two types of torsion states along the polypeptide chain.The topological arrange-
ment of these constraints defines a mechanical framework, from which independent
constraints are determined and used to estimate conformational entropy. Here, we
identify independent constraints using a mean field approximation, which simplifies
the mathematical analysis greatly while retaining the essential physics. The free en-
ergy landscape and partition function are calculated exactly for two types of Gibbs
ensembles: (i) Restricted conformations allowing only native hydrogen bond contacts
to form, and (ii) an ensemble allowing both native and non-native hydrogen bond con-
tacts. We compare heat capacity curves, phase diagrams and free energy landscapes for
both of these ensembles. We also demonstrate the importanceof employing constraint
theory within a FED scheme to account for non-additivity effects in conformational
entrory.

1. Introduction

Hairpin conformations represent the dominant nucleic acid secondary structure, andβ-
hairpin conformations are the third most common secondary structure in proteins. Besides
their naturally occuring abundance, it has been found that non-nativefolding of hairpins (for
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proteins and nucleic acids) parallel the onset of a variety of human diseases [15, 5]. Due to
their biological importance, studies of thermodynamic stability of hairpin structures and the
hairpin-coil transition have received much attention recently [43, 50]. Wepresent a novel
phenomenological approach that employes aDistance Constraint Model(DCM) [18], us-
ing free energy landscapes, with the goal of better understanding the essential mechanisms
responsible for the thermodynamic stability and folding/unfolding of aβ-hairpin.

The DCM is a coarse-grained approach that combines afree energy decomposition
scheme[7] with constraint theory[40]. Constraint theory is employed to determine the rigid
and flexible parts of a molecule, and we refer to this detailed mechanical information asnet-
work rigidity [46]. In some respects, the DCM appears similar to Gō-like models [10, 4, 6]
or Ising-like models [37, 17, 38, 51, 32, 28]. In reality, the DCM is distinctlydifferent be-
cause network rigidity is calculated explicitly, and this information is used as an underlying
mechanical interaction to account for the effect of non-additivity of entropy [18, 27]. The
DCM resolves the problem of non-additivity in component entropies with regards tocon-
ventionalfree energy decomposition schemes [36, 7] by accounting for correlation between
conformational entropy components [2]. The DCM has been used previously to investigate
the alpha-helix to coil transition for homogeneous polypeptide chains [18],and for hetero-
geneous chains [31]. The DCM describes both heat and cold denaturation [25], and it has
been applied to study protein stability [19]. In particular, the DCM is robust inreproducing
experimental protein folding heat capacity curves [33], and it elucidatesthermodynamic
and mechanical properties of proteins important for their function by providing quantitative
stability and flexibility relationships [34, 21].

In this article, we first examine fundamental aspects about free energy decomposition
schemes and show how non-additivity of entropy is accounted for using network rigidity.
Second, theminimum Distance Constraint Model(mDCM) is defined in the context of
investigating theβ-hairpin to coil transition. Not being concerned about the properties of
a particular sequence, we investigate generic properties of a homogeneous polypeptide. In
addition, we employ a mean field approximation known asMaxwell constraint countingto
simplify the mathematical analysis for conceptual clarity and to arrive at exact solutions
that retain the essential elements of theβ-hairpin to coil transition. A comparision of the
thermodynamic response is made between two cases: (1) only native contacts are accessible
(i.e. no misfolding is possible), and (2) non-native contacts are accessbile. Within the
context of the mDCM, we also consider switching off the network rigidity aspect of the
model, to see the effect of non-additivity of entropy.

2. Hidden Thermodynamics Revealed

In the late eighties continuing through the early to middle nineties there was excitement
about the prospect of explaining free energy changes in protein mutations by way of a
linear free energy decomposition scheme [39, 35, 41, 11]. The idea was to makesystematic
transfer measurements similar to what is done in measuring the partition coefficient. The
measured changes in free energy, enthalpy and entropy were recorded into lookup tables
for standard conditions. Assuming a linear dependence, the idea was to predict the total
changes in free eneregy, enthalpy and entropy of a protein by summing over the individual
changes in these quantities. Unfortunately, this approach did not consistently work well,
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and there were many large (and unexplained) discrepencies, which at the time were very
surprising. Therefore, quite early on, the phrase “hidden thermodynamics” was introduced
to suggest that a non-trival reason could be found to explain all the data[9]. Dispite many
ingenious attempts, no linear free energy decomposition scheme could be constructed that
worked well over a comprehensive dataset.

The collection of failed attempts to decompose the free energy of a protein into sums
over specific interactions revealed that additivity principles will almost always break down.
Mark and Gunsteren [36] rigorously showed that the observed non-addivity is due to the
intrinsic property of entropy, and concluded:

“In regard to the detailed separation of free energy components, we must ac-
knowledge that the hidden thermodynamics of a protein will, unfortunately,
remain hidden.”

The importance of finding hidden thermodynamics within a free energy decomposition
scheme is best appreciated by considering how to calculate conformationalentropy. It was
realized that if one could track correlations, perhaps one could utilize a free energy de-
composition [2]. But how to do this, besides using brute force Molecular Dynamics (MD)
simulations [14] was left as an open problem. Due to the enormous complexity ofthis
problem, coarse grained models are needed [29, 16]. In this work, we reveal the hidden
thermodynamics in a free energy decomposition scheme through network rigidity [46].

2.1. Conformational Entropy

Conformational entropy is of central importance for the thermodynamic stabilityand func-
tion of proteins [8, 3]. It often happens that a protein folds into a well-defined native
structure, stabilized by crosslinking interactions, such as hydrogen-bonds (H-bonds). A
structural transitioninvolving the loss of H-bonds occurs at elevated temperatures due to
an increase in conformational entropy,Sc, which is related to atomic motions on all time
scales. Consequently, it is difficult using all-atom MD simulations with explicit solvent
to ascertain thermodynamic properties. For example, a typical time step of∼ 10−15 sec
is used in MD simulations to numerically integrate∼ 104 to 106 second order differen-
tial equations simultaneously for small to large proteins respectively. Even with enormous
computational power (say 10,000 processors) it is impractical if not impossible to reach
a milisecond (10−3 sec) for moderate size proteins. Moreover, biologically relevant time-
scales often exceed milliseconds. Thus, much more than∼ 1012 steps are necessary to
predict thermodynamic behavior, and this is just for one thermodynamic condition (e.g.
one temperature). Of course, for a small polypeptide undergoing theβ-hairpin to coil tran-
sition, full scale all-atom MD simulations can reach millisecond time scales [50].

Interestingly, only statistical weights obtained from averaging over long-timeMD tra-
jectories are necessary to obtain thermodynamic properties [44]. After painstaking compu-
tational expense, the fine details about atomic motions are unused. It is beneficial, therefore,
to throw away these unwanted details, allowing faster computation times throughcoarse
graining, which leads to many types ofreduced models[29, 6]. Frequently, reduced mod-
els involve treating solvent molecules implicitly (with effective potentials) and grouping
atoms together as effective units. A coarse grained approach allows oneto investigate ther-
modynamic properties more efficiently by ignoring many non-essential details from the



48 Donald J. Jacobs and Michael J. Fairchild

start. Coarse grained Ising-like models [37] have been used to study the helix-coil tran-
sition [51, 32], the hairpin-coil transition [28, 38] and protein thermodynamics [17]. Un-
fortunately, all of these Ising-like models suffer from assumming an additive free energy
decomposition scheme [36, 7], whichfundamentallylimits their generality. How can these
limitations be resolved? Relying on strong supporting evidence [18, 25, 33,19, 34, 21],
which has been summarized in a concise review [27], we claim with high confidence that
application of constraint theory resolves the problem of non-additivity in entropy (and free
energy). The approach of the DCM has the potential to be extremely fast while retaining
high accuracy, both of which are needed in high throughput computational biology applica-
tions [47].

2.2. Constraint Theory

Intuitively, one may expect that as constraints are added to a system, its number of degrees
of freedom(DOF) will decrease.Constraint theorymakes this intuitive process mathe-
matically precise. For a molecular system containing a certain set of distance constraints
between pairs of atoms, some groups of atoms will be mutually rigid, while others will form
flexible mechanisms that allows for continuous relative motion between the atoms [40, 46].
Now consider adding a distance constraint to the network.

Adding a distance constraint between a pair of atoms that allow for relative motion (i.e.
variable distance), will indeed reduce the number of DOF by one. This constraint is said
to be independent. If a new constraint is added between a pair of atoms that are already
mutually rigid, the constraint will not reduce the number of DOF, and this constraint is
said to beredundant. Constraint theory deals with the problem of determining an algorithm
(numerical, combinatorial counting or otherwise) to test whether a constraint is independent
or redundant. Once such an algorithm is available, one can apply this test many times to
completely determine all rigid regions (groups of atoms) and all flexible regions throughout
the network. Within (rigid, flexible) regions, thenumberof (redundant constraints, DOF)
is also determined. The specification of all (rigid,flexible) regions with their numbers of
(redundant constraints, DOF) is referred to asnetwork rigidity. Note, however, that labeling
of any individual constraint as redundant or independent isnot unique, and depends on the
order that the constraints are tested.

Network rigidity plays an important role in determining the allowed motions for a
polypeptide conformation [20], and therefore it is intimately related to conformational en-
tropy. In particular, for each constraint in the network, we show how knowledge of that
constraint as redundant or independent can be used in calculations to obtain an accurate
estimate of the conformational entropy. Before this procedure is described, we elaborate on
some important aspects of network rigidity using simple two dimensional examples.Bear
in mind that the same concepts presented here will be applied to the three dimensional
structures of a polypeptide undergoing aβ-hairpin to coil transition.

2.2.1. Graph Rigidity in Two Dimensions

In the plane, there are threetrivial DOF for a rigid object: two corresponding to its Center
of Mass (CM) coordinates and one DOF for rotation about its CM. For point-like particles
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(non-extended objects), there are only two DOF, one for each CM coordinate. Thus for
three particles in the plane, there are six DOF needed to specify their configuration, two for
each particle. If we now introduce constraints, such as fixed-length bars between each pair
of particles, then the number of DOF is reduced. As a first example, consider the triangle
illustrated in Figure 1.
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Figure 1. A triangle in the plane is rigid.

Normally, we disregard trivial DOF (corresponding to the location of the CMand ro-
tation angle(s) about the CM), and consider internal DOF that govern relative motions be-
tween particles (atoms). The graph in Figure 1 has zero internal DOF:3(2) − 3 − 3 = 0,
because there are three particles (with two DOF each), three bars (eachbeing an inde-
pendent distance constraint), and three trivial DOF. This answer was obtained by simple
counting, and did not require knowledge about the precise coordinatesof the particles.

In our work with peptides and proteins, the atomic structure is represented as a con-
nected graph, and we only calculate rigidity properties that can be determined directly from
the graph [22, 20, 49].

As an example of a flexible graph, consider Figure 2. This square has one internal DOF,
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Figure 2. A square in the plane is flexible.

corresponding to a shearing motion. To see this, one can hold the bottom barfixed and
slide the top bar left-and-right. Constraint counting gives the number of interal DOF as
4(2) − 4 − 3 = 1. Although four angles change, the motion of all four particles (atoms)
are correlated, fully determined by a single internal DOF, which can be selected to beany
one of the four angles. This example illustrates the important point that identification of a
flexible region and itsnumberof internal DOF is unique, but the choice of which angle (or
other suitable generalized coordinate) is not.

We now consider the case that certain subgraphs of a graph are rigid while other sub-
graphs are flexible. This case is illustrated in Figure 3. With six particles and nine con-
straints, simple constraint counting gives6(2) − 9 − 3 = 0, predicting a rigid graph. This
count is obviouslywrong. By inspection, the right square has a shearing motion with one
internal DOF, while the left square is overconstrained with one redundant constraint. If we
movea diagonal constraint from the left square over to the right square, then the whole
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Figure 3. A case where constraint counting fails.

graph would be rigid. This illustrates the importance of where constraints areplaced. Re-
gions of high constraint density are likily to be rigid and contain redundant constraints,
while regions of low constraint density tend to be flexible. For all but the smallest graphs,
the method of inspection fails because of the long-range character of network rigidity [12].

Fortunately, several efficient graph algorithms for calculating network rigidity of large
graphs (in both two and three dimensions) are available to determine exact network rigidity
properties [30, 12, 22, 24, 45, 23, 49, 26, 20]. These methods are based on the core calcula-
tion of testing whether a constraint is independent or redundant. Applyingthis constraint-
test recursively, a given network is built up one constraint at a time. Although algorithms
for testing constraints as independent or redundant are systematic, theyare not unique be-
cause they depend on the order in which constraints are placed (i.e. the way the network is
built).

2.2.2. Maxwell Constraint Counting as a Mean Field Approximation

GivenN particles embedded in am-dimensional space, and knowing that there areI inde-
pendentdistance constraints between various pairs of particles, it follows that the number
of internalDOF,D, is simply given by

D = mN − I −
m(m+ 1)

2
, (1)

wherem(m + 1)/2 is the number of trivial rigid body DOF in anm-dimensional space.
Although Eq. 1 is exact, it happens to be totally useless, because we do notknowa priori the
number ofindependentconstraints! The non-trivial part of constraint theory is finding the
way to exactly calculateI. In this work, we follow the genius of Maxwell1 who assummed
every constraint is independent until the entire network is globally rigid, at which point all
additional constraints are redundant. The constraint counting of Maxwell (now commonly
called Maxwell constraint counting) is schematically illustrated in Fig. 2.2.2..

Maxwell constraint counting turns out to be a much better approximation than one may
initially think possible. To see why, notice that as long as the constraint densityis uniform
(with virtually no fluctuations), Maxwell constraint counting is essentially exact! In modern
language, this represents a mean field approximation, because the actual constraint density
is replaced by a constant average value with zero fluctuations. In practice, some mistakes
will be made, such as the prediction that the graph in Fig. 3 is globally rigid with no re-
dundant constraints. In Fig. 3, Maxwell constraint counting goes wrong because there are

1Incidentally, this is the same Scottish theoretical physicist and mathematician James Clerk Maxwell (1831-
1879) famed for Maxwell’s equations of electrodynamics.



Thermodynamics of aβ-hairpin to Coil Transition... 51

regions of high and low constraint density. In this work, we will apply Maxwell constraint
counting and accept all mistakes in the same spirit one employs in any type of mean field
approximation. We note that this simplification is made for convenience to make the math-
ematical analysis simple, while retaining the essential physics in the problem. Whereas
in all prior works exact constraint counting was implemented, our main objective here is
to highlight the importance of invoking constraint theory when working with free energy
decompositon schemes.

Figure 4. Schematic showing Maxwell Constraint Counting.

2.3. Free Energy Decomposition Schemes

The basic idea behind a free energy decompositon scheme is to decompose alarge sys-
tem into independent(uncoupled) parts. Then we assume each part (or subsystem) is in
thermodynamic equilibrium with the rest of the system. A partition function can thenbe
constructed for each subsystemseparately, and in turn, a free energy function for the sub-
system is well-defined. For distinguishable subsystems, the total partition function of the
system is given by:Ztotal =

∏

i Zi, whereZi is the partition function for thei-th subsystem.
When this separation is possible, it follows that the free energy decomposes into a linear
function, where the total free energy is given by:Gtotal =

∑

iGi, whereGi = −RT lnZi

is the free energy of thei-th subsystem. When this linear decomposition is possible, it
follows that the total enthalpy and entropy are each separately additive functions over the
subsystems. This approach is commonly used in small molecules where, for example, it is
often writtenZtotal = ZtransZrotZvib, where the translational, rotational and vibrational DOF
are assumed to be decoupled. This approximation is commonly used in physicalchemistry
because it is very good when applied to small molecules. However, it generally does not
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work for macromolecules [7].

Often, a physics problem can be solved much easier when using a very well-chosen
coordinate system. The entire arguement given above about finding a linear free energy
decomposition scheme rests upon finding an appropriate coordinate system.For example,
if one is given a solid material (not neccessarily a crystal), one can approximate the inter-
actions between atoms as springs. Obviously, all atoms are coupled to one another, and
a direct attempt to apply the above ideas will lead to errors at low temperature (e.g. the
Einstein model for heat capacity in solids). However, finding the normal modes of vibra-
tion allows one to transform into the normal coordinates, which descibe complexcollective
motions among the atoms, but each mode is independent of all others. In this case, one can
apply a linear free energy decomposition scheme that is essentially exact (e.g. phonon the-
ory). Without working all the tedious details, an intermediate theory that is quiteaccurate
can be established by assuming some simple dispersion relationships for lattice vibrations
(e.g. the Debye model for heat capacity in solids).

In simple Ising-like models such as the classic Lifson-Roig model [32] for the alpha-
helix to coil transition, the coordinates (interaction types) were well-chosento make the
problem amenable to a linear free energy decomposition scheme. However,in general,
for polypeptides that fold into structures with many native contacts comparedto unfolded
structures with much fewer contact interactions, any well-chosen coordinate system for one
conformational state will be a poor choice for a different conformation. Indeed, the main
reason why non-additivity in free energy decompositon schemes is detected more readily in
macromolecules compared to small molecules is because of the diversity in their accessible
conformational states. As a result, the Lifson-Roig model is limited in applicability,and its
phenomenological parameters are not transferable between differentpolypeptides [1]; even
worse, for the same polypeptide, they depend on the the length of the polypeptide [18].
Other Ising-like models [17] express free energy as a linear sum of components that are
directly related to solvent exposed surface areas. These models assume, knowingly or
unknowingly, the local exposed surfaced areas define a good generalized coordinate sys-
tem that allows linear free energy decomposition to hold for all types of conformational
states. Despite many successes that have been made under the guise of using additive free
energy decomposition schemes, bad consequences also follow. Some of these include non-
transferability of parameters, violation of the second law of thermodynamics when dealing
with entropy of hydration [13], and oversimplifications that greatly limit the applicability
of the model.

An alternate approach is to first establish a well-defined set of interactionsto model,
and realize that these interactions compete with one another differently in different con-
formational states. Second, for any given conformation the coupling that exists between
subsystems will be accounted for in a computationally efficient way that provides reason-
able accuracy. Both of these objectives are met by combining the conceptsof free energy
decomposition with constraint theory. A Distance Constraint Model (DCM) was intro-
duced [18] to resolve the problem of non-additivity within a free energy decomposition
that appears in the process of estimating conformational entropy. Consequently, the DCM
deals with non-additivity effects by explicitly regarding network rigidity as anunderlying
mechanical interaction.
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2.4. Connecting Thermodynamics to Network Rigidity

In the DCM, contact interactions (i.e. H-bonding, torsion interactions, hydrophobic interac-
tions, etc. . . ), are modeled as distance constraints, each of which is assigned an enthalpy and
nominal entropy contribution. The entropy contribution reflects the number of microstates
(atomic configurations) for which the energy is nearly a constant within a coarse-grained
energy bin. The conformation of the molecule determines the placement of constraints (of
various types) leading to a particular constraint topology, forming a mechanical framework,
denotedF . For any given mechanical framework (a connected graph) the Gibbs free energy
of the framework is given by Eq. 2.

G(F) = H(F) − TSc(F) (2)

This says the Gibbs free energy of this particular framework equals the enthalpy of that
framework minus a term arising on account of the conformational entropy.This confor-
mational entropy is related to all-atomic configurations consistent with a fixed constraint
topology havinglimited wiggle room.

The enthalpy of the framework is considered additive over individual enthalpy contri-
butions, and it is given in Eq. 3,

H(F) =
∑

i

hiNi(F), (3)

where the sum is taken over different types of enthalpy contributions,hi is the enthalpy
contribution of theith type, andNi is the number of constraints of typei. Under a linear
free energy decomposition scheme, the conformational entropy of the framework would be
considered additive and simply expressed as

Sc(F) =
∑

i

siNi(F) (over-estimates the entropy). (4)

Equation 4 is similar to Eq. 3, except it sums oversi, which is the entropy contribution
of the ith type. Unfortunately, this approach overestimates the conformational entropy
because it “double counts” configuration space, as it ignores correlated motions between
atoms. Applying constraint theory, however, theindependent constraintsare identified,
and a more accurate estimate of the conformational entropy is obtained as a sum overonly
independent constraints, given by

Sc(F) =
∑

i

siIi(F) (5)

whereIi(F) is the number ofindependentconstraints of typei.
Thenovelaspect of the DCM is its ability toaccount for non-additivity of entropy. To

illustrate this idea, consider a simple two-dimensional example shown in Figure 5.
In the reference state (5a), the system has one DOF. Adding one diagonal constraint

(5b or 5c) gives both an enthalpy and entropy reduction, making the system rigid, with no
remaining DOF. It doesn’t make any difference which diagonal we put the constraint across,
but adding a second diagonal (5d) is redundant, and it does not further decrease the entropy
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Figure 5. Non-Additivity of Entropy on a 2-D Graph

(to first order). Thus, adding thesi contribution for the second diagonal is incorrect because
the distance is already predefined by other interactions (i.e. modeled as constraints) within
the network. This example shows how nework rigidity is used explicitly to account for
non-additivity effects. This approach is in sharp contrast to other models, where entropy
components are simply considered additive. The importance of non-additivity has been
pointed out by Ken Dill [7], who says:

“Perhaps some of our models in computational biology are based on flawed
assumptions. Thermodynamic additivity principles are the foundation of chem-
istry, but few additivity principles have yet been found successful in biochem-
istry.”

It should be noted that, on the one hand, the total conformational entropy of a frame-
work is expressed in Eq. 5 in terms of contributions from constraints (not DOF), since the
interactions are properly represented as constraints. On the other hand, the energy functions
for these interactions are described in terms of DOF (not constraints). For example, a two-
body central force interaction between a pair of atoms will depend on the distance between
these atoms, which is a DOF. Another example is the four body interactions involving the
ϕ andψ angles along the backbone conformation of a polypeptide chain. In all cases, the
natural DOF used in describing a particular interaction are coarsed grained into regions of
near constant energy, and the entropy contribution is related to the configuration space vol-
ume of the low energy basins. All internal DOF that describe an interaction are in some
way limited to parts of configuration space during a coarse graining procedure that fixes
the energy of a group of atoms to be within a certain tolarance. In general, the number of
distance constraints used to represent an interaction is equal to the numberof DOF it takes
to express its energy function.
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The role of a constraint is to fix the otherwise free DOF to be within a particular energy
basin, which is characterized by its depth and width. The depth of the energy basin is re-
flected by the enthalpy or energy assigned to the constraint. Likewise, its width is reflected
by the assignednominalentropy. The nominal entropy is counted only when the constraint
is found to be independent. For an accurate estimate of the conformational entropy for a
given constraint topology (or mechanical framework), the DCM requires a complete set of
constraint types to be defined. In this case, if one ignores entropy assignments, the en-
tire framework will be rigid. However, the constraints are ranked ordered from lowest to
highest by their nominal entropy, corresponding from the “strongest” to “ weakest” con-
straints respectively. Conceptually, an extremely weak constraint could be thought of as
a DOF, whereas an extremely strong constraint approaches a perfectdistance constraint.
Employing entropy assignments provides for aquantitativeway to calculate all entropic
contributions, large or small, using Eq. 5.

Since choosing how to label the constraints as dependent or independent is not unique,
there is more than one correct sum for Eq. 5. This multivalued “function” isnot imme-
diately useful, since a unique solution is required to obtain a physical result.However, it
is important to note that any way of carrying out that sum provides anupper boundesti-
mate to the conformational entropy. This is because some constraints, even though they
are independent, will restrict conformational entropy in a direction of configuration space
that is already partially restricted by other constraints previously placed in the newtwork.
The lack of complete “orthogonality” thus leads to “double counting” some parts of con-
figuration space. This residual double counting of configuration spaceamong independent
constraints is obviously much less than considering all constraints as independent when us-
ing Eq. 4. What we need then, is a rule (or procedure) to tell us how to label the constraints
as dependent or independent so the sum is well defined. This procedure is established by
simply sorting the constraints by their nominal entropy contributions from lowest to high-
est. We then follow thispreferential orderas constraints are placed one at a time to build
a network as described above. Preferentially ordering the contraints provides a rigorous
lowest upper bound estimate for the conformational entropy, while having no effect on Eq.
3. The lowest upper bound is a mathematically well-defined quantity that is unique for each
constraint topology.

Within the DCM the lowest upper bound estimate for conformational entropy is consid-
ered to be the exact answer. However, this result is only an intermediate step. To study ther-
modynamics of a system, the partition function needs to be constructed over anensemble
of all accessible constraint topologies. To make these calculations tractable, further approx-
imations are usually required that include formulating a simple free energy decomposition
scheme. Although the DCM (and often the methed used to solve it) is an approximation,
numerous prior studies [18, 25, 33, 19, 34, 21] found the DCM to be in remarkably good
agreement with experimental measurements. At the very least, the DCM performs overall
no worse than any other coarse grained model.

3. Model: β-Hairpin to Coil Transition

We employ the DCM to investigate theβ-hairpin to coil transition. We invoke Maxwell
constraint counting to obtain exact results with minimal mathematical complication, while
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retaining essential elements of the problem. Applying Maxwell constraint counting also
demonstrates the versatility in available methodologies to solve the DCM. In this section,
we address the remaining issues of specific model details, how to calculate thepartition
function, free energy landscapes and the associated thermodynamic response for theβ-
hairpin.

3.1. Minimal Distance Constraint Model (mDCM)

We present a minimal DCM (mDCM) that mirrors previous work on protein thermodynam-
ics [33]. Our free energy decomposition scheme consists of four interactions types listed in
Table 3.1., where it should be noted that (i) energy is used in place of enthalpy because no
pressure dependence is being considered in this work, (ii)R is the ideal gas constant, (iii)
NDC is the number of distance constraints used to model a particular interaction, and (iv)
the three variablesγ, δnat, andδdis are dimensionless “pure entropy” parameters. In addition
to these interactions, the covalent bonded chain of amino acids that define the polypeptide
is also accounted for, but no energy and entropy parameters are required because covalent
bonds will not break and reform (fluctuate) at the temperatures of interest. Compared to pro-
teins, we further simplify the problem by considering all intramolecular H-bonds as equiv-
alent, and we neglect all sidechain interactions. Consequently, only mainchain-mainchain
intramolecular H-bonds are considered within theβ-hairpin.

Table 1. Free Energy Decomposition Scheme

Constraint Type Energy Entropy NDC
Intramolecular H-bond E Rγ 3
Native torsion v Rδnat 1
Disordered torsion 0 Rδdis 1
Solvent H-bond u N/A 0

The free energy decomposition scheme concerns itself only with molecular interactions
of various types and is not tied to any particular structure. Different conformational states
of the polypeptide will support different numbers of intramolecular H-bonds. Dispite the
name, a native-torsion constraint is not defined in reference to a “native” structure. Simply,
a native-like torsion constraint tolarates only a narrow range ofϕ or ψ backbone dihedral
angle variance within an amino acid residue that is energetically favorable, wherev < 0.
In contrast, a disordered torsion constraint represents a local conformational state poised to
sweep a broad range of allowedϕ or ψ backbone dihedral angles that are energetically un-
favorable. All rotatable covalent bonds (via theϕ andψ dihedral angles) are coarse-grained
into either native-like or disordered states, which aresimilar to the coarse-grained “helix”
and “coil” states, respectively, employed in the Lifsion-Roig model [32]. The difference is
that the “native-like” state is not tied to any specific low energy structure. Rather, anylocal
conformation that looks native-like is counted, regardless if the overall conformation has
no resemblence to a native structure with lowest energy.
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As listed in Table 3.1. there are 6 free parameters. In general, an energyand entropy
parameter must be specified for each interaction type. With four interaction types, 8 param-
eters can be expected, however, two parameters can be quickly eliminated.Without loss of
generality, a zero energy reference is assigned to the disordered torsion state. Next, the H-
bond to solvent entropy is not applicable, because it is assumed2 that H-bonding to solvent
does not reduce conformational entropy more effectively than any of the other interactions.

In view of the interaction types utilized in the free energy decomposition, the macrostate
of the polypeptide (or protein) is best characterized by the number of intramolecular H-
bonds, which we denoteNhb, and number of native-like torsion angles, which we denote
Nnt. In prior work on proteins, the total energy,U , was given asU = Uihb − uNhb + vNnt,
where the quantityUihb is the total intramolecular H-bond energy. The parameteru is an
effective energy (a negative quantity) characterizing the average H-bond energy between a
polypeptide to solvent. This term directly competes with the intramolecular energy, Uihb,
in such a way that for each intramolecular H-bond that forms, there is a lossof a H-bond to
solvent, and vice versa. In proteins,Uihb was modeled to be dependent on atomic-structure,
but here,Uihb = ENhb, whereE is the energy of a single H-bond. With this simplification,
the total energy is given as

U(Nhb, Nnt) = εNhb + vNnt (6)

where the new energy parameter,ε, defined asε = E − u, represents the difference in
energy between intramolecular H-bonds to that of H-bonds to solvent. Theremaining 5
parameters,{ε, v, γ, δnat, δdis} will be left open.

If we assume an additive decomposition scheme in entropy components using Eq. (4),
the estimated conformational entropy for a polypeptide of N amino acid residues is simply

Sc = R[3γNhb + δnatNnt + δdis(2N −Nnt)] (over-estimates entropy). (7)

Instead, the non-additivity of conformational entropy will be reflected through the
global criteria imposed by Maxwell constraint counting. The estimate for conformational
entropy using Eq. (5) with Maxwell constraint counting depends on the preferential rank
ordering of the entropy parameters. Given thatδdis > δnat, this leaves only three possible
preferential entropy rank orderings, where the total conformational entropy is given as

Sc =







Sc1 if γ < δnat< δdis

Sc2 if δnat< γ < δdis

Sc3 if δnat< δdis < γ
, (8)

andSc1, Sc2, andSc3 are given by

Sc1

R
= 3γNhb + δnatmin(Nnt, 2N − 3Nhb) + δdismax(2N −Nnt − 3Nhb, 0) (9)

Sc2

R
= 3δnatNnt + γmin(3Nhb, 2N −Nnt) + δdismax(2N −Nnt − 3Nhb, 0) (10)

Sc3

R
= δnatNnt + δdis(2N −Nnt). (11)

2This assumption can be easily lifted, and in previous work [25] we includedaffects of solvent in the form
of hydration and local clathrate structures to model cold denaturation.
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For all possible cases of preferential entropy rank orderings,Sc can be expressed as
a function of the macrostate(Nhb, Nnt), because Maxwell constraint counting is aglobal
counting procedure. Specifically, the above equations forSc were derived from global
counting considerations to be discussed next.

We define the state of the network before any of the constraint types that are defined by
the free energy decomposition scheme are placed. From this, it is easy to see that the total
number ofindependentconstraints from H-bonding, native and disordered torsions must
sum up to2N DOF. This result is understood by recalling that sidechain dihedral angles
are not considered (we are working only with the backbone, and are neglecting sidechain
interactions), and the covalent bonding forms a template structure. This template structure
is just the polypeptide backbone that has 2 DOF (ϕ andψ angles) per residue (N of them).
A total of 2N + 3Nhb constraints are then placed in the network, since each dihedral angle
is labeled as a native-like or disordered torsion constraint (always totaling to2N ), and there
are three distance constraints for each intramolecular H-bond. Whenever intramolecular H-
bonds are present (i.e.Nhb > 0) there will be more constraints present in the network than
2N DOF, indicating there will be3Nhb redundant constraints. In all cases, there are always
enough constraints torigidify the template structure, verifying the free energy decompo-
sition is complete. Maxwell constraint counting, combined with the preferentialentropy
rank ordering, throws away3Nhb constraints having the largest entropy contributions. The
difference between the three cases given above is caused by therelative strengthsof the in-
teractions present in reducing conformational flexibility, which is quantifiedby the nominal
entropy assignment.

Figure 6. Maxwell Counting in the mDCM - Preferential Ordering.

It is worth mentioning that the alternative exact calculation of network rigidity would
not allowSc to be expressed as a function ofNhb andNnt, because the exact answer would
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depend on the specific way constraints aredistributed. It is precisely at this point where em-
ploying Maxwell constraint counting dramatically simplifies the mathematics. Application
of Maxwell constraint counting on the list of preferentially ordered constraints is effectively
defining a dispersion relation that is analogous with the Debye theory for heat capacity in
solids. As schematically shown in Fig. 3.1. there is,a priori, a fixed number of independent
constraints that will contribute toSc. In the Debye model the number of vibrational modes
(each an independent contribution) sum to the known number of DOF in the solid.

3.2. Partition Function

Within the distance constraint model, the partition function is given by

ZDCM =
∑

{F}

e−βG(F) =
∑

{F}

e
Sc(F)

R e−βH(F) (12)

where respectivelyG(F),H(F) andSc(F) are given by Eqs. (2, 3, 5), and the summation
is over an ensemble of all accessible constraint topologies{F}. Central to the DCM, the

non-trivial factore
Sc(F)

R appearing in Eq. 12 is thegeometrical degeneracy. For afixed
constraint topologyF , the energy is approximately constant, and the geometrical degen-
eracy factor accounts for all accessible atomic motions consistent with the given (fixed)
constraint topology. In many applications the number of distinct constraint topologies is
astronomical in number. Nevertheless, it is insightful to consider the two mostextreme
constraint topologies, as shown in Fig. 3.2. for a polypeptide that undergoes aβ-hairpin to
coil transition.

Schellman’s original two-state analysis [42] using two extreme states for the helix to
coil transition, and then for proteins is also applicable here, as Fig. 3.2. shows schemati-
cally. The lowest energy state corresponds to the maximum number of H-bonds forming a
ladder, with all torsion interactions being in the native state. The maximum entropy state is
when there are no H-bonds present, and all the torsion interactions are disordered, yielding
a random coil. Note that a single constraint topology (all disordered torsion constraints
and no H-bond constraints) represents all possible conformations the polypeptide can take,
which is quantified through the geometrical degeneracy factor. From these two extremes,
one can estimate∆H and∆S for the transition between them, from which one can estimate
the melting temperature asTm = ∆H

∆S
, assuming∆G = 0 at the transition point. Of course,

considering only two states is a very crude approximation. The exact solution is to include
all possible constraint topologies.

3.2.1. Class of β-Hairpin Constraint Topologies

An illustration of aβ-hairpin structure is shown in Fig. 8.
A mechanical framework for theβ-hairpin consists ofN residues each having aϕ and

ψ angle, and possibly crosslinking H-bonds. The three dimensional structure (or mechan-
ical framework) is then represented by a graph. The graph characterizes different types of
possible constraint topologies, where Fig. 9 shows four examples. In allfour cases, differ-
ent H-bond crosslinking is given, but theϕ andψ backbone dihedral angles are assumed to
be native-like.
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Figure 7. Schematic: The see-saws at top to the (left, right) illustrate tradeoff between
energy and entropy. At (low, high) temperatures theβ-hairpin will be in a (low energy, high
entropy) state. The other four figures show a graphical representation of how the energy
and entropy for the two extreme states are calculated.

In the context of the mDCM, there are22N distinct constraint topologies for each H-
bond placement (c.f. Fig. 9) because each residue has aϕ andψ angle, which are coarse
grained into two possible states. Each constraint topology will have an energy and confor-
mational entropy that are affected by the number of native-torsion constraints, as well as
the number of H-bond constraints. The four examples of Fig. 9 give an indication of the
type of diversity the native only and non-native contact ensembles have.

Refering back to the expressions for the total energy and conformational entropy (See
Eqs. 6, 9, 10, 11) it is noticed that all of them are strictly functions of the macrostate
(Nhb, Nnt), and hence they are independent of the particular way the constraints are dis-

Figure 8. Theβ-Hairpin Structural Motif
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Figure 9. Four example constraint topologies for theβ-hairpin withN = 10 residues are
shown. In these graphs, each edge represents a residue havingϕ andψ backbone dihedral
angles, and they are all assumed to be in their native-state. The nodes of the graph (dots)
represent the peptide bond part of the polypeptide chain that allows crosslinking H-bonds
to form. Panels (a) and (b) show two examples of a “ladder” configuration that is part of
the native contact only ensemble with two residues at the turn. Both of these graphs have 3
H-bonds and share the same macrostate. Panels (c) and (d) show two examples of config-
urations that have non-native crosslinking H-bonds, which are out ofregister (described in
more detail below). Both of these graphs have 4 H-bonds and share the same macrostate.
All four graphs are represented in our all-contact ensemble, which includes native and non-
native contacts.

tributed. In general, there are many different constraint topologies consistent with a given
macrostate, and this defines a topological degeneracy, denotedΩ(Nhb, Nnt). In principle,
the ensemble of constraint topologies being summed over in Eq. (12) can be arbitrarily
diverse. However, we are only considering a certain class of constraint topologies that are
representitive of theβ-hairpin. Constraint topologies that are included in the ensemble
range from being in the lowest possible energy state to the high energy random coil sate,
as well as an entire spectrum of conformational states that haveβ-hairpin character some-
where in between these two extremes. Excluded constraint topologies are those that are
representitive of structural motifs other than aβ-hairpin, such as anα-helix for example.

3.2.2. Method of Calculation

The partition function given by Eq. (12) can be re-expressed as a summation over all acces-
sible macrostates by grouping all topologically degenerate terms with the same statistical
weight (i.e. e−βG(Nhb,Nnt)). This procedure is summarized in Fig. 10 that highlights indi-
vidual steps of the calculation to the very end where thermodynamic response is calculated.
The partition function for aN -residue polypeptide capable of undergoing aβ-hairpin to
coil transition is given by:

Z(N) =
2N
∑

Nnt=0

Mhb
∑

Nhb=0

Ω(N,Nhb, Nnt)e
−βG(N,Nhb,Nnt) (13)
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whereN has been explicitly written as a reminder that the functions depend on the lengthof
the chain. In regards to the limits on the two summations: Note2N is the maximum number
of native-torsion constraints that can be present, andMhb = JN/2K is the maximum number
of H-bond constraints that can be present (within the class of ensembles considered here),
which occurs when all the H-bonds are in register. The functionJN/2K rounds down to
the nearest integer (i.e. the floor function) when the chain consists of an odd number of
residues.

Figure 10. Flowchart of Calculations

At this point, only the functional form of the topological degeneracy factor remains to
be determined. The derivation of the topological degeneracy factorΩ(Nhb, Nnt) is given
below in Section 3.4. for two different types of ensembles of constraint topologies. In the
first case, only nativeβ-hairpin contacts (and all possible ways they can be broken) are
considered accessible, while in the second case both native and a restricted type of non-
native contacts are allowed. For the moment, we leave the precise functionalform for the
topological degeneracy factor unspecified, and we focus on the relationships between the
full partition funciton obtained as a sum over macrostates and the free energy landscape in
“constraint space.”

3.3. Free Energy Landscape in Constraint Space

The partition function can also be expressed in terms of a free energy landscape as a sum-
mation over all accessible macrostates, given by

Z(N) =
2N
∑

Nnt=0

Mhb
∑

Nhb=0

e−βGFL(N,Nhb,Nnt) . (14)

By matching Eq. (14) to Eq. (13) it follows that the functionGFL describing the free
energy landscape is defined as

e−βGFL(N,Nhb,Nnt) = Ω(N,Nhb, Nnt)e
−βG(N,Nhb,Nnt) . (15)

Notice that the free energy landscape,GFL, includes the topological degeneracy factor.
For conceptual clarity,GFL is expressed in terms of the free energy of a particular constraint
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topology G(N,Nhb, Nnt), and a topological entropy term. This relationship is given in Eq.
16

GFL(N,Nhb, Nnt) = G(N,Nhb, Nnt) −
ln Ω(N,Nhb, Nnt)

β
(16)

where amixing entropyis defined in Eq. (17).

Smix(N,Nhb, Nnt) = kB lnΩ(N,Nhb, Nnt). (17)

The mixing (or topological) entropy is related to the number of accessible constraint
topoloogies having the same macrostate.

The folded state (i.e. aβ-haipin structure) and unfolded state are identified as local low
free energy basins. The unfolded state corresponds to relatively fewcrosslinking H-bonds
and a large number of disordered torsion constraints. The folded state has many crosslinking
H-bonds, and a large number of native-like torsion constraints. These folded and unfolded
basins are illustrated in Figure 11, labeled asF andU respectively. The numbers of H-
bonds and native-torsion contraints are nothing more than order parameters that define the
macrostate. However, in the context of the DCM, the free energy landscape is embedded in
constraint space. As the number ofindependentdisordered torsion constraints increase, the
overall flexibility of the structure increases.

Figure 11. Macrostates of the mDCM

The expression for the free eneregy landscape given in Eq. (16) has the same form as
the phenomenological Gibbs free energy given by Eq. (18) in terms of five parameters,u,
v, γ, δnat andδdis that reflect the free energy decomposition scheme used to describe protein
thermodynamics [33].

GFL(Nhb, Nnt) = Uihb − uNhb + vNnt − T (Sc(γ, δnat, δdis) + Smix). (18)

We briefly comment on some aspects of the protein DCM that connect to this work.
For proteins, the quantityUihb is the total intramolecular H-bond energy based on a

H-bond energy function that depends on atomic positions. Starting from thenative protein
structure as determined (usually) from X-ray crystallography, the firststep was to define the
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native H-bonds. Then the ensemble of constraint topologies were generated by considering
permutations of removing various H-bonds. For each of these H-bond configurations, the
torsion-constraints were allowed to be either native-like or disordered asdone here. For
proteins, a Monte Carlo method was used to generate a representative setof degenerate
constraint topologies with the same macrostate corresponding to a single nodein constraint
space as shown in Fig. 11. Thus each node represents a sub-ensembleof constraint topolo-
gies. Exact network rigidity calculations were performed within each node for each con-
straint topology in the sub-ensemble, andstatistical averageproperties for each node were
determined. Thus in the protein case, Eq. 18 is a mean field expression.

An interesting comparison is that theexact expressionfor the free energy landscape
given by Eq. (16) under the mean field approximation using Maxwell constraint counting is
of the same form as the mean field treatment of solving the DCM for proteins. Inconstrast
to the Monte Carlo method used for proteins, in theβ-hairpin problem at hand, every term
in the expression for the free energy landscape is calculated exactly, which means there are
no sampling errors.

The thermodynamic response of theβ-hairpin will readily follow from the partition
function in terms ofGFL. The mDCM computesGFL on a discretized mesh of macrostates
(c.f. Fig. 11 for a fixed temperature, repeated over different temperatures. The heat capacity
is predicted through the relationCV = (1/kBT

2)(〈E2〉 − 〈E〉2).

3.4. Ensemble of Accessible Constraint Topologies

In this section we derive the topological degeneracy for theβ-hairpin under two different
types of ensembles, from whichSmix will be determined exactly. The first type of ensemble
will be restricted to constraint topologies that havenative-contacts only. The second ensem-
ble will include non-native contacts that are restricted so as not to allow for(unphysical)
crossing of H-bonds and will not allow for structural motifs other than structures resem-
bling aβ-hairpin. In other words, the ensemble for which non-native contacts are allowed
will represent possible misfolds of theβ-hairpin. Comparing these two cases will allow the
effects that arise from using more restricted native-contact ensembles tobe identified.

3.4.1. Native Contacts Only

For native contacts only, we make the following restrictions on the constrainttopology: (a)
Theβ-hairpin is “centered.” To explain this, refer back to Fig. 9. By centered, we mean the
β-turn is located so that the number of backbone residues on the top side of the β-hairpin
equals the number of residues on the bottom side to within± 1. (b) The crosslinking H-
bonds must join two residues directly across from one another in register (i.e. they cannot
join diagonally between residues).

These two restrictions comprise the native contacts only constraint topology, which
does not account for the possibility of misfolding, such as when a residueor two are kinked
upward with others sliding in to take their place. This approximation is just like thatdone
with proteins, where all permutations of breaking these native contacts areconsidered by re-
moving the crosslinking H-bonds. Nevertheless, we are considering manymore constraint
topologies than that of the classiczippermodel [28]. In the zipper model, the native struc-
ture is thought of as a ladder, where rungs on the ladder must be removedstarting from the
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furthest rung from theβ-turn. The rungs must be removed one at a time moving toward
the β-turn consecutively. In constrast, all possible defects of missing a native-contact is
considered within our ensemble.

Since the residues must line up in register for a H-bond to form, we are left only with the
question of how to place the H-bonds in well defined slots. Recall that we haveN residues
in total, and suppose that we haveNhb crosslinking H-bonds. ForNs slots, the number of
ways of placingNhb H-bonds is simply

(

Ns

Nhb

)

=
Ns!

Nhb!(Ns −Nhb)!
. (19)

But how many slotsNs are there? If there areNc residues at theβ-turn, then there are
N −Nc remaining residues along each of the two parallel sides. According to restrictions
(a) and (b) above, and from Fig. 9, it can be seen thatNs is simply given by

Ns =

s
N −Nc

2

{
, (20)

whereJ·K is the least integer (or floor) function. Therefore, our expression for the number
of ways of placing the crosslinking H-bonds becomes

J(N −Nc)/2K!
Nhb!(J(N −Nc)/2K −Nhb)!

(21)

In this work, we place two residues at theβ-turn (i.e.,Nc = 2).
Next, recall that each backbone residue corresponds to two torsion constraints, one for

each of the angles in the{ϕ,ψ} pair. Thus there are2N torsion constraints, and each of
these torsion constraints must be labeled as native-like or disordered. Since there are two
options, the number of ways of choosingNnt of them to be native-like is simply

(

2N

Nnt

)

=
(2N)!

Nnt!(2N −Nnt)!
(22)

The labeling of torsion constraints as native-like or disordered is independent of the
placement of the H-bonds, so their multiplicities multiply. Combining Eq. (22) with Eq.
(21), then, forN residues,Nnt native-like torsion constraints,Nhb crosslinking H-bonds,
and withNc = 2, the multiplicity is

Ω(N,Nhb, Nnt) =
J(N − 2)/2K!

Nhb!(J(N − 2)/2K −Nhb)!
·

(2N)!

Nnt!(2N −Nnt)!
. (23)

3.4.2. Non-native Contacts Allowed

We now consider the case where non-native contacts are allowed, but under the following
restrictions: (a) No (unphysical) crossing of H-bonds are allowed, and (b) we only consider
H-bonds forming that connect two opposite sides of the haipin structure. Thus, the H-
bonds can still be considered as rungs on a ladder, but now the entire concept of all register
positions is lost, allowing for misfolded structures. To understand the counting for this case,
consider Figure 12.
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Figure 12. Binning Diagram for MultiplicityΩ

If there areNhb crosslinking H-bonds, we divide theβ-hairpin into bins. The bins will
be filled up with a certain number of residues that fall between pairs of residues connected
by a crosslinking H-bond. By first focusing on connected pairs of residues, it is found that
there will be2Nhb + 1 bins. Essentially there are two bins per crosslinking H-bond, and
the +1 comes from theβ-turn at the left side of Figure 12). Since each H-bond has two
residues attached to it (one at top and bottom), there areN − 2Nhb remaining residues to
place in the2Nhb + 1 bins. The number of ways to place the remaining residues into the
bins is given by the multichoose function in combinatorics:

((

2Nhb + 1

N − 2Nhb

))

=

(

2Nhb + 1 + (N − 2Nhb) − 1

N − 2Nhb

)

=

(

N

N − 2Nhb

)

(24)

The labeling of the backbone residues as native-like or disordered is thesame as above
given in Eq. 22. Again, these choices are independent, so Eq.(24) andEq. (22) multiply,
giving

Ω(N,Nhb, Nnt) =
N !

(2Nhb)!(N − 2Nhb)!
·

(2N)!

Nnt!(2N −Nnt)!
. (25)

4. Results and Discusions

In this work, we selected a reasonable set of model parameters based onprior work with
proteins. For the results presented here, the specific values we used were ε = −5 kcal/mol,
v = −0.7 kcal/mol,γ = 2, δnat = 3 andδdis = 5. Note that value of 5.092 forδdis has been
treated as a transferable parameter accross a diverse set of proteinsin the work involving
proteins with marked success. The other values for the entropy parameters are in line with
typical values used in proteins. Note that the disordered torsion constraint has the most
entropy, and H-bonds have the least.

For this set of entropy parameters, we note that the preferential rank ordering considers
H-bonds as more effective in reducing conformational flexiblity comparedto the native-
torsion constraint. Therefore, to calculateSc, Eq. (9) is used. We did not try to optimize
these five free parameters, nor did we try to predict experimental data or compare to MD
simulation data. We can, however, with considerable confidence, obtain interesting qualita-
tive generic properties of theβ-hairpin for which we explore. Our selected set of parameters
provide physically reasonable results for both types of ensembles considered, and this is an
indication that the parameterization used in the mDCM has physical meaning that issome-
what transferable — as is intended when employing a free energy decomposition scheme.
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4.1. Free Energy Landscapes

We present free energy landscapes, heat capacity plots, and phasediagrams using the
mDCM for two ensembles of constraint topologies. We compare and constrast the results
for thenative only constraint topology ensemble(N-CTE) and theall accessible constraint
topology ensemble(A-CTE) that includes a restricted set of non-native contacts in addition
to native contacts (see Fig. 9).

Figure 13 illustrates four snapshots of the free energy landscape withN=32 at various
temperatures;T = 250, 310, 350, and 449 K for the A-CTE case using constraint theory.
The Gibbs free energy landscapeGFL is plotted over the 2-D constraint space determined
by the number of native-like torsion constraintsNnt and the number of H-bondsNhb. The
region near the (0,0) corner in constraint space indicates the unfolded coil state of the hair-
pin. The opposite diagonal corner of constraint space correspondsto the folded state, as
expected. At lower temperatures, the free energy is a minimum in the region withhighNnt

andNhb, indicating a folded state. As the temperature increases, the free energy minimum
shifts toward a state with smallNnt andNhb, indicating an unfolded state.
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Figure 13. Free Energy Landscapes withN = 32 atT = 250, 310, 350, and 449 K for the
A-CTE case
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Figure 14 shows the same information as Fig. 13, but as macrostate probabilitycon-
tour maps. The contour maps show the corresponding probability of being found in a given
macrostate based on the Gibbs free energy landscape plots shown in Fig. 13. As the temper-
ature increases from 250 K to 449 K, the most-probable macrostate of theβ-hairpin clearly
shifts from a folded macrostate to an unfolded macrostate.
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Figure 14. Macrostate Probability Contour Maps withN = 32 for T = 250, 310, 350,
and 449 K for A-CTE case. A qualitative color-scale is used, where redis high probability,
yellow is moderate level, and blue is low probability.

Repeating the same calculations, the free energy landscapes are shown inFig. 15 for
the N-CTE case. Comparing these results to those shown in Fig. 13, we find the free
energy landscapes are qualitativly the same. The A-CTE and N-CTE cases both indicate
a transition around 340-350 K. However, more curvature is detected forthe ensemble that
includes non-native contacts (A-CTE). The additional curvature in A-CTE provides a wider
basin in contrast to a more nearly constant slope toward a corner that appears for N-CTE.
These differences in geometric form of the free eneregy landscape is an indication that
there will be competitive missfolded structures present in the low free energy basin for the
A-CTE.

Figure 16 shows the calculated heat capacity curves for a series of chains having either
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Figure 15. Free Energy Landscapes withN = 32 atT = 250, 310, 350, and 449 K for the
native contacts only constraint topology

even or odd number ofN residues, over the temperature range250 ≤ T ≤ 450 K, for
the A-CTE case. The transition temperatureTm is clearly identified at the peak of each
curve, with a sharpening of the peak asN increases. It should be noted that these plots
arenot normalized by the number of residues. In a non-cooperative system, the peak in
the heat capacity at the melting temperature should be directly proportional thethe size of
the system (i.e. an extensive variable). We find that there is no super-linear or sub-linear
variation, suggesting that the transition is not cooperative. When normalized by the number
of residues, the peak heights are essentially the same, but the plot is visuallyobfuscated.
The key feature is the narrowing of the peak width as the number of residues increases.
This result indicates the presence of a sharper transition as the chain length increases, and
therefore, the system does exhibitweakcooperativity.

The heat capacity plots for the native contacts only constraint topology ensemble are
shown in Fig. 17. The peak heights divided by the number of residues is also nearly a
constant for different length chains. Differences in the heat capacityplots are observed
between the native contacts only and the non-native contacts ensembles. It is clear that
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Figure 16. Heat Capacity Calculation by Even and OddN : A-CTE case.

Figure 17. Heat Capacity Calculation by Even and OddN : N-CTE.

the width of the heat capacity curves at half-maximum for N-CTE are wider than their A-
CTE counterparts. Moreover, the peak position that definesTm shifts more as a function
of chain length, which indicates stonger cooperativity. We suggest this result is somewhat
expected, because non-native contacts broaden the so called “native” free energy basin,
having many misfolded structures sharing nearly the same minimal free energyvalues. We
suspect that in general, native contacts only ensembles will produce sharper transitions
compared to more complete ensembles. Upon further comparision and examination of Figs.
16 and 17, it is clear that there are differences between odd and even number residue chains.
Moreover, the differences are more pronounced for shorter chains, where it is found that the
melting temperature is lower for odd number of residues, compared to an evennumber of
residues. This makes intuitive sense, as the odd number of residues forces one H-bond to
be unsatisfied.

The dependence ofTm on chain lengthN is estabished more clearly by constructing a
phase diagram. In Fig. 18, the results forTm vs. N are shown for both the A-CTE and
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N-CTE cases.

Figure 18. Transition TemperatureTm by Number of ResiduesN . A-CTE case at left, and
N-CTE at right.

To make the effect of even and odd residues more appearent, the numberof residues are
split into even and odd categories. Interestingly, this even vs. odd dichotomy goes away
for long chains for the A-CTE case, and moreover, the odd and even results converge to
the same largeN limit for Tm lines as seen in Fig. 18. In contrast, this effect remains for
long chains for the N-CTE case, where the even/oddTm lines seem to separately converge
onto limiting asymptotic values for long chains. For the case of N-CTE, this separation of
limiting values is physically explained by the unpaired residue that is not crosslinked by
a H-bond for the odd cases. Mathematically, this is explained easily by recalling Eq. 23.
We see that if the odd (leftover) residue is truncated off,only the degeneracy factor will
be modified, while the remainder of the calculation is not effected. The convergence tothe
singlelimiting value ofTm is natural for the A-CTE because the number of residues making
up the turn is no longer fixed at two (i.e. not centered), and the loss of oneH-bond is more
easily compensated.

4.1.1. Additivity of Entropy

We repeated the calculations again, but now with the rigidity calculations “turned off.” This
means additivity of entropy was used (i.e. replacing the use of Eq. (9 to calculateSc with
Eq. (7)), which greatly over-estimates the conformational entropy when there is a dense
number of constraints present in the network. The results with additivity of entropy were
uninteresting for both types of ensembles. As an example, the free energylandscape is
more-or-less a plane (see Fig 20), with no double well behavior. In fact,the minimum at
the edge of constraint space is in the unfolded state. We now consider in more detail the
heat capacity for the A-CTE case (see Fig 19) and simply note the same characteristics were
also found for the N-CTE case.

We find an additive free energy decomposition scheme does not producea transition
and thus no structural transformation. Since we are considering genericproperties of the
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Figure 19. Heat Capacity Predictions using an Additive Free Energy Decomposition. (Left
panel)Withoutnetwork rigidity, no transition is predicted using additivity of entropy for the
same parameters used for the mDCM. (Right panel) The single parameterv was lowered to
-2.2 Kcal/mol in order to produce a double minimum in the free energy landscape to obtain
two separate states. However, creating a native state basin was not possible, although a
peak is formed. Because the scale of values forCp are insignificantly low, no transition is
observed.

β-hairpin to coil transition using a simple model (and knowing from experiments that a
transition exist), our expectation is that we should be able to find a peak in the heat capacity
for some modified parameters. However, we could not find a transition usingan additive
formula for the conformational entropy for the same set of parameters, nor by adjusting the
paramterv (holding all others fixed) — nor uniformily changing the entropy paramters by
a uniform multiplicative scaling factor.

The null result of no transition with network rigidity ingored is actually not too surpising
once it is realized that the additive model predicts that as more H-bonds areadded to a
network (polypeptide), the conformational entropy will increase. Network rigidity in the
context of a DCM is essential.

5. Conclusion

We modeled theβ-hairpin to coil transition using a minimal distance constraint model
(mDCM). The mDCM allows a free energy decomposition scheme to be utilized while
accounting for non-additivity in conformational entropy using constrainttheory. Consid-
ering two types of ensembles of constraint topologies, an exact partition function under a
mean-field approximation was calculated by employing Maxwell constraint counting. The
main conclusions of this work are:

• A β-hairpin to coil transition is predicted using Maxwell constraint counting fortwo
different ensembles of constraint-topologies that consider (a) only native contacts,
and (b) native and non-native contacts. For both types of constraint topology ensem-
bles, the unfolding transitions are predicted at physically realistic temperatures using
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Figure 20. Free Energy Landscapes withN = 32 atT = 250, 310, 350, and 449 K for the
A-CTE case using additivity of entropy

physically reasonable values for the model parameters that were obtainedfrom work
describing protein thermodynamics.

• The transition appears not to be cooperative, or very weakly cooperative. The native
contact only ensemble tends to produce a sharper transition overall, but isqualita-
tively similar to the case when non-native contacts are allowed. These results show
that there are many other non-native structures with nearly the same free energy as
the native-state. Therefore, this model is consistent with experiments showing that
missfolding events are indeed populated.

• The hairpin-coil transition is not predicted for the same set of realistic modelpa-
rameters when employing additivity in the model by ignoring constraint theory,and
treating all constraints as independent. This excercise suggests that accounting for
non-additivity in conformational entropy may be essential in coarse grained models
that invoke free energy decomposition schemes. Application of constrainttheory ap-
pears to work well, and is likely to resolve the mstery behind the so-called “hidden
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thermodynamics” in protein chemistry. At the very least, regarding network rigid-
ity as an underlying mechanical interaction provides a novel modeling paradigm that
has been markedly successful over many different situations, includingdescibing the
β-hairpin to coil transition as demonstrated here.

5.0.2. Future and Related Work

Future work includes comparing our heat capacity predictions to experimental curves or
MD simulations and exploring the effects of different model parameters. Inaddition, we
plan to apply exact rigidity theory using recursion relations in order to determine the ac-
curacy of the mean-field approximation employed here. Motivated by prior works and the
results presented above, a much more detailed DCM using a more detailed freeenergy de-
compositon scheme that includes interaction types to explicitly model residue variations,
hydration effects and hydrophobic interactions is in progress. We note that the DCM is
currently under-utilized, probably because it is based on a new and unfamilar paradigm
(free energy decomposition combined with constraint theory) that is mathematically more
complicated than other coarse grained models. In a related work [48], the DCM is being
carfully formalized and developed as anab initio theory from classical statistical mechanics
to place our phenomenological approach on firm ground.
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