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ABSTRACT

We present a strategy for coupled steering and motion gen-
eration applicable to a class of single-input planar robotic vehi-
cles. We demonstrate this strategy through simulations of two dif-
ferent vehicles under closed-loop control, the first a novel vari-
ation of the Chaplygin sleigh and the second a fishlike swimmer
in an ideal fluid. The dynamics of the former are influenced by
a nonholonomic constraint and the dynamics of the latter by a
hydrodynamic force associated with vortex shedding. The juxta-
position of these two systems highlights a link between nonholo-
nomic mechanics and hydrodynamics explored in a prior paper.

1 INTRODUCTION

In this paper we describe an approach to planar motion con-
trol for a class of underactuated robotic systems governed by
nonlinear dynamics. We present two examples of such sys-
tems, one a terrestrial vehicle subject to a nonholonomic con-
straint and the other an aquatic vehicle coupled to a surrounding
fluid through localized vortex shedding. The parallel treatment of
these two systems underscores a phenomenological link between
nonholonomic mechanics and fluid-body interactions previously
explored in [1].

Each of the vehicles we consider exhibits a solitary internal
degree of freedom, assumed to be actuated directly. In each case,
manipulation of this degree of freedom is sufficient to mediate
the vehicle’s heading in the plane. The dynamics of each vehicle
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are such that oscillations in heading produce longitudinal trans-
lation.

The first vehicle is depicted in Fig. 1. A cart is supported by
casters in the front and by a single wheel in the rear, the wheel
aligned with the cart’s longitudinal direction. The wheel is as-
sumed to roll without slipping, so that lateral motion of the cart’s
rear is prohibited. A mass is affixed to the cart in a manner that
permits lateral motion between the two. In Fig. 1, the mass
is shown atop a planar pendulum that swings laterally to cor-
respond with a physical system described in Section 4, but we
consider the dynamics of the system only in the plane parallel to
the ground, so the mechanism for moving the mass is immaterial.

The panel on the right of Fig. 1 depicts a frame from a simu-
lation of the cart, viewed from above, subject to a simple form of
feedback control. A desired value for the cart’s heading, defined
as the angle between the cart’s longitudinal axis and the spatially
fixed horizontal axis, is specified as a function of time. The dis-
crepancy between the current heading and the desired heading is
multiplied by a constant gain, and the lateral acceleration of the
mass relative to the cart is set equal to their product.

In the simulation shown, the cart began at rest at the ori-
gin, aligned with the vertical axis to correspond with the desired
heading Ogesirea (0) = /2. A step change in the desired heading
occurred thereafter, decreasing Ogesired(f) to 1.4. The resulting
path of the cart’s center of mass is overlaid with the cartoon.
Initial lateral oscillations in the cart’s position decay as the cart
accelerates toward a constant translational speed.

The mechanics of the cart are such that the closed-loop sys-
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Figure 1. ACCELERATION FROM REST OF A CART USING THE LAT-
ERAL DISPLACEMENT OF A MASS TO REGULATE ITS HEADING.

tem, using proportional heading control with an arbitrarily se-
lected controller gain, achieves the desired average heading in
Fig. 1 with no steady-state error. A different choice of gain
provides the same average heading control, but generates a re-
sponse to the same step input that results in a different asymp-
totic rolling speed. This suggests a simple approach to planar
motion-planning for this system, at least within a certain range
of system parameters, initial conditions, and performance goals.
If the goal is to move in a certain direction at a certain speed, the
former can be achieved via proportional control applied to the
lateral acceleration of the mass, while the latter can be achieved
by manipulating the feedback gain.

Fig. 2 depicts the second vehicle we consider. A planar
hydrofoil, representing a simple model for a fishlike swimmer, is
surrounded by an infinite inviscid fluid with equal density, at rest
infinitely far away. Variations in the foil’s camber allow the foil
to propel itself by exploiting interactions between inertial effects
manifest in the foil’s shape-dependent effective inertia and the
effects of vortex shedding from the foil’s trailing point, the latter
enabled by the periodic application of a Kutta condition [2] at
this point.

The panel on the left of Fig. 2 depicts a frame from a sim-
ulation analogous to the simulation from Fig 1. At the start of
the present simulation, the foil was situated at rest, aligned with
the horizontal axis. A step change in the foil’s desired heading,
calling for a left turn of .3 radians, elicited a response from a
controller specifying the rate of change of the foil’s camber to be
proportional to the heading error. At the instant shown, the foil’s
heading exhibits decaying oscillations about the desired direc-
tion, while the foil’s translational speed approaches a value deter-
mined by the feedback gain. Dots shown in the foil’s wake rep-
resent individual point vortices; the dots are colored and scaled
according to vortex orientation and strength. Note that vortices
shed by the foil roll up dynamically into the inverse Karman vor-
tex street characteristic of real fishlike swimming [3].

The panel on the right of Fig. 2 illustrates the dependence
of the foil’s asymptotic translational speed on the proportional

feedback gain k,, depicting the speed of the foil’s center as a
function of time for two different values of this gain. Since the
oscillations in heading depicted in Fig. 2 decay more slowly than
those depicted in Fig. 1, we note that even if oscillations in the
foil’s shape persist indefinitely, the foil’s translational speed will
approach a constant value, below which the foil’s oscillations
produce net thrust and above which they produce net drag.

In what follows, we examine both of the systems described
above in greater detail. The control paradigm that serves as the
paper’s theme resulted from the authors’ search for a simple ap-
proach to steering a robotic version of the fishlike swimmer in
Fig. 2. The physical system is shown in Fig. 6. In fact, while the
method we propose exhibits limitations in its applicability to the
robotic cart, simulations using the model depicted in Fig. 2 indi-
cate unanimously that proportional heading control can be used
to achieve even large changes in direction with zero steady-state
error, and can be used effectively to mediate swimming speed
without changes in direction.

At the beginning of this Introduction, we noted that mechan-
ical systems subject to nonholonomic constraints exhibit basic
dynamic similarities to systems in which bodies and fluids are
coupled through vortex shedding. It is our view that the two
classes of systems are related on a fundamental level, in that the
role played by vortex shedding in real fluid-body interactions
may be idealized in terms of integrable and nonintegrable con-
straints, but it’s not for this reason alone that we juxtapose the
two systems in this paper.

Our perspective on robotic locomotion as a topic at the inter-
face of geometric mechanics and nonlinear control has its roots
in papers like [4] and [5], which developed a theory of driftless
locomotion for systems capable of generating geometric phase
by periodically varying multiple internal degrees of freedom.
The subsequent development, in papers like [6] and [7], of a
geometric analysis for systems capable of accumulating propul-
sive momentum by exploiting nonholonomic constraints — in
other words, systems that were no longer driftless in the control-
theoretic sense — was built upon examples in which geometric
phases and dynamic phases both contributed to locomotion. In
focusing on systems with single internal degrees of freedom, we
isolate the problem of generating dynamic locomotion from the
problem of generating geometric phase, the latter feasible only
for multi-input systems.

2 CART WITH A MOVING MASS

Without the pendulum on top, the cart shown in Fig. 1 rep-
resents a variation of the Chaplygin sleigh, a canonical nonholo-
nomic system studied by its namesake in [8]. The constraint on
the system is typically taken to represent the resistance of a ver-
tical blade to lateral sliding; we imagine a wheel in place of the
blade — neglecting the contribution of the wheel’s rotation to the
system’s total kinetic energy — to match our model with robotic
realizations of the device like that pictured in Fig. 6.

The control of a Chaplygin sleigh with a movable mass on
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Figure 2. ACCELERATION FROM REST OF A FISHLIKE SWIMMER USING ITS CAMBER TO REGULATE ITS HEADING.

top was considered in [9], and our approach to the reduced-order
modeling of the system — focusing on the evolution of the sys-
tem’s nonholonomic momentum — is consistent with the discus-
sion therein. Our version of the system differs from that in [9],
however, in that the center of mass of our cart is not assumed to
coincide with the point at which the wheel (or blade) contacts the
ground. We limit ourselves, furthermore, to a single control in-
put, and examine the dynamics of the system under continuously
applied feedback control. In contrast, an algorithmic approach to
steering is developed in [9] whereby the open-loop dynamics of
the system are exploited through occasional control interventions
involving two degrees of freedom in the position of the mass rel-
ative to the point of constraint. We examine motion generation
in the sense of [7]; the theme of [9] is steering when propulsive
momentum is already available.

Before proceeding, we note the qualitative similarity of our
approach, in which a closed-loop system is constructed around
a nonlinear plant so that the former behaves like a damped os-
cillator, to the formulation of PD control on Riemannian man-
ifolds in [10] and related papers. A geometric analysis of our
closed-loop system is forthcoming. We also note that our system
complements the class of mobile wheeled inverted pendulums
considered in [11] and related papers.

2.1 Modeling

Fig. 3 depicts the symbols we employ in modeling the sys-
tem from Fig. 1. The wheel is assumed to align with the cart
and to make contact with the ground along the cart’s rear edge.
The point (x,y) represents the cart’s center of mass, about which
the cart has rotational moment of inertia J. The longitudinal dis-
placements a and b are constant, while the lateral displacement
c(t) of the mass relative to the cart is manipulated for control.
The angle 0 is measured between the laboratory-fixed x axis and
the longitudinal axis of the cart.

We neglect the effect of friction on the cart-mass system, ex-
cept in the sense that it proscribes lateral slipping of the wheel
along the ground, and assume the system to obey Lagrange’s
equations subject to the lateral force on the wheel that prosecutes
the constraint. The Lagrangian is supplied by the total kinetic en-
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Figure 3. PARAMETERIZATION OF THE CART.

ergy

L= %M (+3%) + %JGZ + %m (i +ym)

embodied in the motion of the cart and the motion of the mass,
where

Xm =x+bcos®—csin®, y, =y+ccosO+bsinb.

The motion of the system over time corresponds to a time-
parametrized curve in the configuration manifold Q =R x SE(2)
such that vectors tangent to this curve annihilate the constraint
form

o = —sinBdx+cosOdy —adb. €))]

The dynamics of the system are lower-dimensional than the
configuration manifold. Given the system’s initial state, its sub-
sequent behavior can be reconstructed completely from the time
history of the displacement c(¢) together with the first-order dy-
namics of the system’s two-dimensional nonholonomic momen-
tum, a concept developed in detail in [6]. A complete mathemati-
cal presentation of this concept is beyond the scope of the present
paper, but the essential idea is straightforward to convey.



Consider the unconstrained motion of a rigid body in the
plane — say, the cart in Fig. 3 with neither the wheel nor the
additional mass present. The invariance of the cart’s kinetic en-
ergy under rigid translations and rotations of the laboratory frame
of reference gives rise, via Noether’s theorem [12], to a three-
dimensional conservation law. We may equate this with the inde-
pendent conservation of linear momentum in the x direction, lin-
ear momentum in the y direction, and angular momentum about
the origin of the xy plane, but this decomposition is partly arbi-
trary.

If the cart’s momentum is decomposed relative to a body-
fixed frame — for instance, into longitudinal linear momentum,
lateral linear momentum, and angular momentum about the cart’s
center of mass — then the components of momentum will evolve
over time as the body frame rotates relative to the laboratory
frame. The equations governing the dynamics of these scalar
momenta exemplify Lie-Poisson equations, analogous to Euler’s
equations for the body-fixed angular momenta of a rigid body
rotating about its center of mass in three dimensions [12]. The
principle of Hamiltonian reduction is manifest in the fact that
if the time histories of the momenta defined in the body frame
are known, then the evolution of the body frame relative to the
laboratory frame can be reconstructed after the fact — meaning
that the dynamics of the momenta in the body frame encode the
complete dynamics of the system.

The addition of the wheel to the cart in Fig. 3 breaks the
symmetry in the system that engenders the conservation of three-
dimensional momentum. Neither the linear momentum of the
cart in the x direction, nor the linear momentum in the y direc-
tion, nor the angular momentum about the origin or about the
cart’s center of mass is conserved with the wheel’s no-slip con-
straint in place. If the body frame is attached to the cart where the
wheel contacts the ground, however, it’s apparent that the con-
straint opposes the evolution of only one of three components of
momentum. The cart can have no lateral linear momentum, but
can translate freely in the longitudinal direction, and can rotate
freely about the center of the wheel.

The cart’s two-dimensional nonholonomic momentum rep-
resents the combination of linear and angular momenta that are
permitted by the constraint to evolve freely at any instant in time.
As the cart’s heading changes, the direction in which nonzero
linear momentum is permissible — measured relative to the lab-
oratory frame — also changes, but it’s always the case that two
degrees of freedom exist in the cart’s momentum overall. As
was the case in the absence of the constraint, we have freedom in
choosing a decomposition of the evolving momentum into two
scalar parts. This is equivalent to choosing a pair of vector fields
on Q that span the space D, of tangent vectors annihilating the
one-form (1) at each g € Q.

The simplicity of the nonholonomic momentum equations
depends significantly on this choice of vector fields. For the

present system, physical considerations motivate us to define

D, = —asin® 2 +acos6 2 + 2 o562 4 sin02-
q—span asin ax acos ay ae,COS ax sin ay s

consistent with [9]. Flow along the the first and second of these
vector fields corresponds, respectively, to counterclockwise ro-
tation of the cart about the wheel and to forward longitudinal
translation. The two components of nonholonomic momentum
defined below inherit their physical significance from these mo-
tion primitives. The exclusive reference of these interpretations
to the body-fixed frame reflects the invariance of these vector
fields under the left action of SE(2) on Q corresponding to rigid
translation and rotation of the laboratory frame. We now proceed
according to the formalism developed in [6].

At each point g € Q, the subspace of T, Q tangent to the orbit
of the aforementioned SE(2) action is given by

d 0 9
T,(0rb(q)) = span{ax,ay,ae}.

We define S, to be the intersection of D, with T, (Orb(g)) at each
point g, or

. .0 d 0 o . .0
Sq= span{—asm@ax +ac0s98—y + %,cosﬂa +smeay} .

We define

o7 = {€€5e(2)|€0(q) € 54}

to comprise Lie algebra elements corresponding to infinitesimal
generators of the SE(2) action on Q that lie in S, at the point
g, and note that the vector fields we’ve chosen to appear in our
definitions of D, and S, are such infinitesimal generators.

We denote the bundle over Q with fiber g¢ at each point g
by g? and define the nonholonomic momentum map J™ : TQ —
(g”)" such that

("(vq),8) = (FL(v,),E0)

for & € g? and v, € T,Q, where FL : TQ — T*Q denotes the
Legendre transformation. Given a particular choice of &, we refer
to either pairing above as the corresponding component p of the
nonholonomic momentum, computed using local coordinates as

P .
pZBT}L,-(iQ)l-



Corresponding to the Lie algebra elements that generate the two
vector fields appearing in our definitions of D, and S, we obtain
the two components

p1 = (—mccos® — (bm+am+aM) sin0)x
+ ((bm+am+aM)cos® — mcsin0)y
+ (J+m(ab+b*+c*)0+m(a+b)é

and
p2 = (m+M)cos0x + (m+ M) sin@y — mcO

of the nonholonomic momentum.

The evolution of the quantity p corresponding to a particular
Lie algebra element & € g4(*) is given, invoking local coordinates,
by the momentum equation

AL .
pzaf;[i}g-

To illustrate the manner in which the time derivative of § may be
nonzero as ¢(f) evolves, we note that

., 0 o 0
So= —asmea +acosea—y =+ %

— the first vector field we’ve chosen to represent D, and S, —
is the infinitesimal generator corresponding to the Lie algebra
element

&= (y—asin®, —x+acosh, 1) € 5¢(2) ~ R,

which changes from point to point in g. For the two components
of nonholonomic momentum chosen above, it follows that

. CD+EF . HI

P1 G2 ’ P2 = @7 (2)

where

A =bm+am—+aM

B=J+(a+b)+a*M

C = A(Bpz +mc(p1 + pac — (a+b)mc))

D= —mpyc+ (m+M)(—p1 + (a+b)mc)

E =m(B(m+M)+mMc?)

F = ¢(=Bp2+mc(—p1 — p2c+ (a+b)me))

G = (B(m+M) +mMc*)*

H = (m+M)Ap; +mApsc+m((m+M)(J —abM) +mMc*)¢
I=—mpyc+ (m+M)(—p1 + (a+b)me).

2.2 Control

In the simulation depicted in Fig. 1, the lateral accelera-
tion ¢(¢) of the mass relative to the cart is regarded as the control
input, linked to the heading in the closed-loop system by the con-
trol law

é(1) =kp (8(t) — Odesired (1)) - 3)

The top row in Fig. 4 revisits the simulation from Fig. 1 in more
detail. Over time, the cart’s heading exhibits decaying oscilla-
tions about the desired value while the translational speed of the
cart’s center of mass converges on a certain positive constant.
The bottom row represents the behavior of the same cart with
the same initial conditions but a different controller gain. Again,
the cart converges upon the desired heading, but the final transla-
tional speed is roughly doubled. In both cases, oscillations in the
lateral position of the mass decay as well, and the mass settles
toward the neutral position.

Despite the promise of Figs. 1 and 4, it must be noted that
the controller (3) provides performance like that shown under
only a restricted set of circumstances. In particular, given the
physical parameters listed in the caption of Fig. 4, sufficiently
large step changes in the desired heading lead to instability in
c(t), and even for small changes in the desired heading the ini-
tial value of c¢(¢) must be chosen judiciously to achieve decaying
oscillations about ¢ = 0.

In the absence of analytical bounds on our controller’s per-
fomance, we conclude this Section by observing that the closed-
loop system’s tendency to generate locomotion from rest in re-
sponse to heading-angle error may be inferred directly from (2)
and (3). Suppose that p; = pp = ¢ = ¢ = 0 initially. If the
right-hand side of (3) is made nonzero, both ¢ and ¢ will become
nonzero, requiring the right-hand side of the second equation in
(2) to become nonzero — meaning that the cart develops linear
momentum as a result of the control action.

3 VARIABLE-CAMBER HYDROFOIL

3.1 Modeling

A thorough description of the model represented in Fig. 2
is beyond the scope of the present paper; a summary appears
in [13] and the details appear in [14]. The model builds upon
the Hamiltonian formulation developed in [15] for the equations
governing the interaction of a free rigid body with a collection of
point vortices in a planar ideal fluid, extended to accommodate a
body with time-varying shape.

The shape of the foil is specified as the image of a circle un-
der a time-varying Joukowski transformation, parameterized to
provide area-preserving variations in camber. At regular small
intervals in time, the Hamiltonian evolution of the system com-
prising the foil and the existing set of vortices is interrupted to
enforce the requirement that smooth flow separation occur at the



heading cart speed

lateral mass dlplacement

HJ M'

0.

M-
I

=

s
LI A A s e

|
sl
0.5 ‘H

|
-15 l

time

600 1000

0.5 ly

Ay . i
i i 1000"™

(=

05 W

-1.5

time

15 (\ ﬂ‘ “0\ “ﬂ} “‘ I ‘ﬂ‘ 1 0.06 M”M””ﬂr
U E R A iy
A hand o i
T e =)
HLTKNTRARIAL (I
L3R ! H‘ - 0.02 {
I
200 600 foootime 0 200
heading cart speed
LSF Mfl
\“ MM”\ MAnng
g L
13 “‘ U
200 600 ioootime O 200

600 1000

Figure 4. DYNAMICS OF THE CARTWITHa=3,b=2, M =1,J =4, ANDm = 1/2 SUBJECT TO THE CONTROL LAW (3) WITH kp =.25
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foil’s trailing point. This is achieved through the introduction of
a new vortex near the foil’s trailing point to correct the flow, the
concurrent amendment of the circulation around the foil to pre-
serve Kelvin’s circulation theorem, and the concurrent amend-
ment of the foil’s linear and angular velocity to preserve the total
Kelvin impulse. The conservation of circulation and the con-
servation of impulse in ideal fluid—body systems are related to
underlying symmetries. The latter corresponds to an SE(2) sym-
metry like that of the Lagrangian and constraint distribution for
the cart-mass system, leading to the conservation of linear and
angular momentum by the cart in the absence of the wheel. The
former corresponds to the particle-relabeling symmetry of the
fluid kinetic energy, as discussed in [16].

Individual vortices in our model vary in orientation accord-
ing to the flow conditions under which they’re shed from the
foil’s trailing tip. Once shed, each vortex remains constant in
strength and orientation. In real fishlike swimming, vortex shed-
ding occurs as a result of fluid viscosity, which also contributes
to the subsequent decay of shed vortices. Our goal in develop-
ing the present model was to preserve as much as possible of
the geometric structure present in truly inviscid swimming —
see [17, 18] — while capturing the single viscous phenomenon
most relevant to locomotion.

3.2 Control

As noted in Section 1, simulations consistently indicate that
the coupling of heading error to the rate of change of the foil’s
camber through a single proportional gain is sufficient to en-
able the foil to track large step changes in the desired heading
with zero average steady-state error. Given the dimensionality
and nonlinearity of the dynamics through which the foil’s cam-

ber influences its heading, this is a surprising testament to the
ambit of simple linear control. The authors documented the ef-
ficacy of PID heading control for this system in [19], which in-
cludes frames from an animation of the foil successfully tracking
a 180-degree step change in desired heading alongside data rep-
resenting less aggressive maneuvers. The focus of [19] is not the
propulsive rectification of oscillations in heading, however, but
rather the use of heading control as a means to harvest propulsive
energy from ambient vorticity. The omission of derivative and in-
tegral terms from the feedback loop alters the oscillatory dynam-
ics of the foil’s camber as the foil tracks a piecewise-constant
desired heading.

Fig. 2 illustrates the acceleration of the foil through a sudden
turn; Fig. 5 depicts the deceleration of the foil in response to
a step change in the gain k, when the desired heading remains
unchanged. The two frames on the left portray the adjustment in
the foil’s gait that takes place when k), is decreased abruptly from
12 to 1. The initial conditions in Fig. 5 are precisely those from
Fig. 2; the foil is initially at rest, aligned with the horizontal axis.
The upper left panel shows the foil just before the change in k,,
after the foil has begun swimming in response to a change in the
desired heading. The vortex pair above and to the left of the foil
was shed in the initial moments of the simulation, when the foil
gave its first propulsive kick.

The lower left panel shows the foil after the change in k).
In order to slow its translation, the foil has executed a transition
between a pumping gait and a cruising gait. The difference be-
tween the two is evident in the structure of the foil’s wake. The
upper right panel depicts the longitudinal velocity of the foil as a
function of time throughout the simulation generating the panels
on the left.

The translational velocity of the foil settles about a new con-
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Figure 5. DECELERATION OF THE FOIL, WITHOUT TURNING, IN RESPONSE TO A DECREASE IN THE FEEDBACK GAIN.

stant value only after many oscillations. The panel on the lower
right of Fig. 5 depicts the more rapid settling that occurs in re-
sponse to a less significant change in &, from 12 to 4.

4 FUTURE WORK

The authors’ immediate priority is to evaluate the applicabil-
ity of the controllers described in Sections 2 and 3 to the control
of physical vehicles. The left panel in Fig. 6 depicts a pair of
robotic vehicles to be used for this purpose. The solitary rear
wheel of the idealized cart has been replaced by a pair of wheels
with a wide axle to ensure roll stability, but the dynamic con-
straint imposed by the pair of wheels is equivalent to that of the
single wheel. The robotic hydrofoil comprises three rigid seg-
ments with individually actuated joints between them, fitted to-
gether to provide a smooth outer surface with variable camber.
The foil floats upright in water, its upper face flush with the wa-
ter’s surface, and is modeled by the Joukowski foil from Fig. 2
when viewed from above.

The right panel in Fig. 6 depicts a NaturalPoint OptiTrack
motion-capture system to be used for data collection with both
robots. Eleven cameras are shown along the edges of the pool
in which the hydrofoil will be deployed. The vertical antenna
visible atop the foil enables wireless communication between the
foil and the LabView-equipped PC connected to the OptiTrack
system.
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