MICHAEL J. FAIRCHILD

Notation: The symbol LI denotes a disjoint union.

Let X be a nonempty set equipped with a o-algebra M. A measure on M
is a set function p: M — [0, oo] such that

(i) (@) =0,

(ii) p(LI7° Ej) = 3277 u(E;j) for any disjoint collection {E;}5° € M.
One also says p is a measure on (X, M) or simply a measure on X if M is
understood. Property (ii) is called countable additivity. If u satisfies (i) and

(ii") If {E;}T C M is a sequence of disjoint sets then u(U} E;) = D7 n(E;),
but not necessarily (ii), then p is called a finitely additive measure on M.
A measure p is called complete if u(E) = 0 implies F' € M for all F C E.

A measurable space is a pair (X, M) where X is a nonempty set and M is
a o-algebra on X. The members of M are called measurable sets. If £ €¢ M
has p(E) = 0, then it is called a set of measure zero. If a statement is true for
all x € X except possibly for points in a set of measure zero, then the statement
is true almost everywhere (abbreviated a.e.), or for almost every z.

If 11 is a measure on (X, M), the triple (X, M, u) is called a measure space.
If 4(X) < oo then p is called finite. If E = |J;° E,, where {E,}?° C M and
w(E,) < oo for all n, then E is called o-finite for u. If X is o-finite for g,
then p is called o-finite. A o-finite measure is “almost” finite, in that many
theorems can be extended from the finite to the o-finite case by decomposing X
into a countable union of sets of u-finite measure and applying a 2% argument.

The following theorem establishes basic properties of measures. But first,
recall the definition of lim inf and limsup of a sequence of sets {E,,}3°, namely

lim inf E,, = [j ﬂ Ej,

n=1j>n

limsup E,, = ﬁ U E;

n=1;j>n

Theorem 1 (Properties of Measures, I). Let (X, M, u) be a measure space.
(a) 1(E) + u(F) = u(E U F) + p(E N F).
(b)) W(ENF) < oo implies u(E\ F) = w(E) — w(ENF).
(¢) F CE and p(F) < oo imply u(E\ F) = p(E) — u(F).
(d) E C F implies p(E) < p(F).
(e) w(U B) < S, ul(E).
(f) A countable union of sets of measure zero has measure zero.
(9) E1 C Ey C -+ implies p(U;° Er) = lim p(E,).
(h) w(Uy° Ej) = lim (U7 E).
(i) E1 D Es D -+ and some p(En) < oo imply p((N° En) = lim p(E,).
(j) Some pu(En) < oo implies (" En) = lim p(N] Ej).
(k) p(liminf F,,) < liminf p(E,).
(1) p(limsup E,,) > limsup p(E,), provided p(Jx En) < oo for some N.
(m) For E € M, the function pg : M — [0,00] : A = p(ANE) is a measure.
(n) A linear combination (with coefficients > 0) of measures is a measure.
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Property (d) is referred to as monotonicity, (e) as subadditivity, (g) and
(h) as continuity from below, and (i) and (j) as continuity from above.

Proof. (a) Since EUF =(E\F)U(ENF)U(F\ E), it follows that

WEUF)+u(ENF)=p(E\F)+u(ENF)+ p(F\E)+uENF)
= pu(E) + pu(F),

the last equality being true because E = (E'\ F)U (ENF) and similarly for F.
(b) Write E = (E\ F)U(ENF). Then u(E) = w(E\ F) +pu(ENF). Since
w(ENF) < 0o, subtracting it from both sides gives u(E\ F) = u(E) —pu(ENF).
(c) follows from (b).
(d) Write F = EU(F \ E). Then u(F) = u(E) + u(F\ E) > pu(E).
@)Putfzzzﬂa\U”*lE By (), 1(F) < p(En). Also, Uy En = LI Fa.
so (U7 En) = (L7 Fr) = 327 w(Fn) < 3277 w(Ey).
(f) follows from (e).
(g) Put Ey = @ and F,, = E, \ E,—1. Then | |° F, =U{" E, and | |{ Fj =
E,. Therefore, u(E,) = p(Ll} F;) = .7 p(F;). Consequently, u(U; n) =

WL F) = 5 n(Fy) = hmzl p(Fy) = lim pu(Ey).
(h) follows from (g) after defining E,, = |J| E;

(i) Put F,, = Exy \ E,,. Then Fy C F, C ---, so (f) implies u(J7" Fp) =
lim u(Fy,). Now, U"F, = U7 En \ E,, = Ex \ N En, and since Ey N
(N En) =N7I° E, C Ey has finite measure, it follows from (c) that u(|J7° F,) =
wW(EN\NT En) = w(Ex)—p(N;° En). On the other hand, forn > N, ENNE,, =
E, C En has finite measure, so pu(Fy,) = p(Ex \ En) = p(En) — p(Ey). Thus
lim p(F,) = p(En) — lim u(E,). The equation p(J;° F,) = lim u(F,) is now
wW(EN) — (N En) = p(En) — limp(E,). Since u(Ex) < oo, subtracting it
from each side and transposing gives p((0);° n) = lim p(E,).

(j) follows from (i) after defining E,, = (] E

(k) For each n, put Fj, = (;5, Ej. Then hm inf B, = U2y Njsn B
U F, and F1 cCFC- For i > n, u(N;s, £;) < u(E;) by monotonicity.
Thus pu((;5, E;) < infi>, u( ;). Continuity from below gives

p(liminf E,) —,uUF = lim p(F,)

n—00
1

_ _ i
J (1 By) < i fnf (B = limint (5.)
Jj=n

(I) For each n put F, = UJ;5, E;. Then limsup E,, = Moy Ujsn Bj =
Ny Fn, and Fy D F> D ---. Also, Fy = [Jx E; has finite measure. For
i > n, (U;j>n £5) = p(E;) by monotonicity. Thus p(U;s,, Ej) > sup;>, u(E;).
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Continuity from above gives

p(limsup E,,) ﬂF = nl;rréop( n)
= > ) =11
nh_)rr;ou L>JE nlgrgof;lgu(E) limsup p(E,,).
i>n

(m) It’s clear that pg > 0 and that pp(@) = 0. If {E,}$° is disjoint, then

E(|_|En) :N(AmuEn) = N(UAmEn) = ZN(AmEn) = ZNE(E

(n) Consider v = Y} aju;, where i, ..., i, are measures on (X, M) and
ai,...,a, € [0,00). Since aj,p; > 0 for all j, the range of v is contained in
[0,00]. Clearly v(@) = 0. If {E,}$° are disjoint, then

v( |_| E,) = Zaj,uj( |_| E,) = Z Z a;p;(E Z Zaj/ﬁj(En) = Z v(En),
n=1 j=1 = j=1n=1 n=1j=1 n=1

the rearrangement valid because all terms of the double series are nonnegative.
O

Theorem 2. Let p be a finitely additive measure on (X, M). Then
(a) 1 is a measure iff it is continuous from below.
(b) p is a measure iff it is continuous from above, provided u(X) < oo.

Proof. (a) Assume p is continuous from below. Let {F,,}$° be disjoint and put
F, =] E;. Then | |°E, =" F,, and F} C F» C ---, and so

p( | Bn) = [ Fu) = lim p(F) = lim (|| Ej) = lim >~ p(By) =D p(Ey)

(The second equality is justified by continuity from below, and the fourth equal-
ity is justified by finite additivity.) The converse follows from Theorem 1.

(b) Assume g is continuous from above and p(X) < oo. Let {E,}7° be
disjoint. Put F,, = ||{ Ej. Then " F,, = ;" En, and Ff D F§ D -+ -, and so

p( | Bn) = w(Fn) = (X \[F) = ﬂFC = — lim p(Fy)
1 1 1
= p(X) = limp(X \ F,) = p(X) — hm[u(X) = p(Fn)] = lim p(Fy)

= limp(| | EBy) =lim ) w(Ej) = > p(En)
1 1 1

The fourth equality is true by continuity from above, the third and sixth equal-
ities because u(X) < oo, and the ninth equality by finite additivity. O
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For technical reasons it is often easier to work with a complete measure. The
next theorem shows that one may assume a measure is complete.

Theorem 3 (Completion of Measures). Let (X, M, ) be a measure space.
There is a unique smallest o-algebra M on X containing M that includes all
subsets of sets of measure zero, and a unique complete measure i defined on M
that extends p (i.e. i(E) = u(E) for all E € M).

Proof.

Step 1: (Construction of the o-algebra M.) Define N = {N € M : u(N) = 0}
and M = {EUF :E € M,F C N for some N € N}. Clearly M is the unique
smallest set containing M and all subsets of u-measure zero. It is now shown
that M is in fact a o-algebra. If {E,, U F,}3° C M, there exist sets {N,,}3° C N
such that F,, C N,, for each n. Put E = J{° E,, F = ;" Fp, and N = [J;° N,,.
Then E € M, since M is a o-algebra, and u(N) = 0 by subadditivity, so N € N.
Now U E,UF, = (U E.) U (UT F) = EUF € M, since E € M and
F C N € N. Thus M is closed under countable unions. It remains to show M
is closed under complementation. If E U F € M, there exists an N € N such
that FF C N. Then E¢,N¢ € M, and F¢ = N°U (N \ F). Thus

(EUF)* = E°NF°=E°N(N°U(N\F)) = (E°NN®)U(E°N (N \ F)),

and this belongs to M since EN N¢ € M and E°N(N\ F) C N € N.

Step 2: (Construction of a complete measure 7z on M.) Define i : M —
[0,00] by i(E U F) = p(E). Suppose Ey U Fy and Ey U Fy belong to M and
EiUF; = E5 U F5. Then there are sets N1, Ny € N such that F}; C Ny and
Fy C Ny. Then 1 C E1UFy = E; U Fy C Es U No, so ﬁ(El UFl) = ,u(El) <
/.L(EQ U Ng) = /,L(Eg) = ﬁ(EQ U NQ) SlIIlllaI‘ly7 E(EQ U FQ) S E(El ] Fl), SO
in fact @(Fy U F1) = (F2 U Fy). Thus 7 is well-defined. Clearly m(2) = 0.
If {E,UF,}* C M is a disjoint family, then the families {E,}$* ¢ M and
{F,}3° C M are disjoint as well, and

|_|E UF,) |_|E U(L|Fn) = | |Bn) =D u(En) =D A(E.UF,)

Therefore 7 is a measure on M. It is now shown to be complete. Suppose
FEUF € Mhas i(EUF) = u(E) = 0. Then E € N, and there is an N € N such
that F C N. Thus G C EUF C EUN. Since pu(E) = p(N) =0, G is a subset
of the p-measure-zero set E U N; hence it belongs to M. Thus 7 is complete.

Step 3: (Uniqueness of 7i.) Suppose v is another measure on M that extends
i, i.e. such that v(E) = u(E) for all E € M. If EUF € M, thereis aset N € N
with F' C N, and

H(EUF) = u(E) = v(E) < v(EUF) < v(EUN) = u(EUN) = u(E) = i(EUF).

(The equalities u(E) = v(E) and v(EUN) = u(EUN) are because v = p on M.
The two inequalities are true by monotonicity of the measure v.) The chain of
inequalities shows that each must in fact be an equality, so G(EUF) = v(EUF)
for any £ U F € M. This completes the proof of the theorem. O
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In Theorem 3, the o-algebra M is called the completion of M and 7 is
called the completion of .

Let (X, M, ) be a measure space. If for each E € M with pu(E) = oo there
exists FF € M with FF C E and 0 < u(F) < oo, then pu is called semifinite.
Given a measure p on (X, M), define ug on M by uo(E) = sup{u(F) : F C
E and pu(F) < co}. Then pyg is called the semifinite part of p. If the range of
a measure is contained in {0, 00}, then it is called anti-semifinite.

Theorem 4. Every o-finite measure is semifinite. If a measure is semifinite,
then every subset of infinite measure contains subsets of arbitrarily large finite
measure.

The second conclusion says that if p is semifnite and p(E) = oo, then for
any C > 0 there exists a measurable subset F' C E such that C' < u(F) < oco.

Proof.

Assume p is a o-finite measure on (X, M). Then exists a sequence of mea-
surable sets {F;}5° such that X = |JJ° F; and p(F;) < oo for all j. Assume
p(E) = oco. Then E = ENX = ENU;" F; = J;° ENF;. Now, each ENF) is mea-
surable and p(E N Fj) < p(Fy) < oco. By subadditivity, u(E) < >°7° w(E N Fj).
Since p(E) = oo, it follows that 0 < pu(EN Fy) < oo for some (infinitely many)
F. This proves the first part.

For the second part, let (X, M, 1) be a semifinite measure space and assume
wE) =0c0. Pt F={FeM:F CE0< uF) < oo}, and define r =
suppcg w(F). By semifiniteness, F # &, and so r € (0, 00]. Choose a sequence
{F,}¥° C F such that u(F,) — r and let G = E\ U F,. If u(G) = oo,
then semifiniteness provides a Gy C G with Gy € F. But then u(F, U Gg) > r
for sufficiently large n, a contradiction. Hence 0 < p(G) < oo. This implies
oo = p(UTT Fn) < 207 u(Fy), and so p(|J} Fj) can be made as desired by
taking n sufficiently large. Since |J] Fj € F for every n, the proof is complete.

O

A set ¥ C X is called locally measurable if ENA € M forall A e M
with p(A) < co. Let M be the collection of all locally measurable sets, called
the saturation of M. Clearly M C M. If M = JT/[, then p is called saturated.
Define fz on M by p(E) = p(E) if E € M and i(E) = oo otherwise. Then i is
called the saturation of .



