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Our goal is to construct a nontrivial measure on an arbitrary set. The plan is
to first introduce the notion of an outer measure and show they are easy to come
by. Next, Carathéodory’s theorem, a powerful tool for constructing a complete
measure from merely an outer measure, is proved. Finally, the notion of a
premeasure on an algebra A is introduced, and it is shown that any premeasure
on an algebra may be extended to a complete measure, with certain uniqueness
properties, whose domain includes o(A).

Given a set X, an outer measure on X is a set function p* : P(X) — [0, 0]
such that:

L p* (@) =0,
2. A C B implies p*(A) < p*(B) (monotonicity),
3. 1 (U En) < X7 p*(E,) (subadditivity).

Theorem 1. Let X be any set, {@, X} C € C P(X), and po : € — [0,00] be
such that po(2) = 0. Define p* : P(X) — [0, 00] by

p(E) = inf{z,uo(En) ‘B, €& and E C UEn}
1 1

Then p* is an outer measure on X, called the outer measure induced from py.

Proof. The set over which the infimum is taken is nonempty because for any
E € P(X) one may take Fy = X and E, = @ for n > 2. Thus p* is well-
defined. p(2) = 0 since one may take E, = & for all n. Next, if A C B, the
set over which the infimum is taken in the definition of u*(A) includes the set
over which the infimum is taken in the definition of pu*(B), so u*(4) < u*(B).
Finally, assume {E,,}5° C P(X). Let € > 0. By definition of u*, for each n there
exists a sequence {EF}2° | C & such that E, C Up—, EF and Y ;- uo(EF) <
w*(En) + €/2™. Summing, Z?k:l po(EX) <3 w*(E,) + €. Thus

o0

i (B —inf(3 1 < 30wl < 3w (B +e

1 1 n,k=1

(The first inequality is true because U™ En C Uy EF, 50 32, ¢ o(Ef) be-
longs to the set over which the infimum is taken.) Since e is arbitrary, we see
that " (U7" En) < 3277 1*(Ey). O

Thus an outer measure p* can be constructed on every set X: just choose
& = {@, X}, define uo(@) = 0, po(X) = 1, and let pu* be the outer measure
induced by po. (Admittedly, this is not a very interesting outer measure.) Let
©* be an outer measure on X. A set A C X is called p*-measurable if

p(E)=p (ENA)+p* (ENA®) for every E C X.

That is, A is p*-measurable if it “splits” the outer measure of every set £ C X
into two additive parts: p*(E N A) and p*(E N A°). Subadditivity of outer
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measures implies p*(E) < p*(E N A) + p*(E N A°). The reverse inquality
p*(E) > p(ENA)+ p*(E N A°) is obvious if p*(F) = co. Thus:

Lemma 2. The set A is p*-measurable iff p*(E) < oo implies
W (B) > u (B0 A) + 1 (E 0 A%,

The principal tool of this section, Carathéodory’s theorem, may now be
presented. This theorem gives us a tool for constructing a complete measure
from merely an outer measure.

Theorem 3 (Carathéodory’s Theorem). Let u* be an outer measure, and
let M be the collection of u*-measurable sets. Then:

1. M is a o-algebra.
2. = p*|m is a complete measure on M.

Proof.

Step 1: This step shows that M is an algebra and that p* is finitely additive
on M. By the definition of y*-meaurable, M is closed under taking complements.
If A, BeMand E C X, then

pi(E) = p"(ENA)+ p* (BN A
= (ENANB)+ " (ENANB®)+ " (ENA°NB)+ 1" (EN AN B°).

Since AUB = (AN B) U (AN B°) U (A° U B), subadditivity of u* gives
P (ENANB)+ " (ENANB)+p (ENA°NB) > p* (EN(AUB)).
Because A°N B = (AU B)¢, it follows that
w*(E) > 15*(E N (AUB)) + p*(EN (AU B)°).

Consequently, AU B € M whenever A and B are. So M is an algebra. Next, if
AN B = @ then

p(AUB) = p* ((AUB)NA) +p*((AUB) N A%) = " (A) + p*(B),

the equality being true because (AU B) N A° = BN A° = B\ A = B, since
AN B =g. Thus u* is finitely additive on M.

Step 2: This step shows that M is a o-algebra and that p* is a measure on M.
Assume {4;}5° C M is a disjoint sequence. Put B,, = |J] A; and B = |~ 4;.
Let E C X. By Step 1, M is an algebra, so each A,, belongs to M (i.e. each 4,
is p*-measurable), and so

W (ENB,)=p (ENB,NA,)+u (ENB,NAY)
= (ENAp) +p"(EN Bp-1),



MICHAEL J. FAIRCHILD

the equality being true because A4,, C B,, and because B,,NAS = (U] 4;)\ 4, =
"' A; = B;_,. By induction, p*(E N B,) = Y7 u*(E N 4;), so

p(E)=p"(ENB,)+u (ENB;)
n
> (BN By) +p*(ENB) =) w'(ENA;)+p (BN B°),
1

the inequality being true because B D B°. As n — oo, subadditivity gives

pH(E) =Y p(ENA) +p(EnB) > p (J(ENA4) +p (BN B°)
=p (ENB)+p (ENB°) 2 p*(E).

The preceding display had the form p*(E) > --- > p*(E), so all inequalities
are in fact equalities. Thus B € M. Since £ C X was arbitrary, one may take
E = B in the preceding string of equalities to obtain

p(B) = (JA) =D (BN =) u(4).
1 1 1

Since M is closed under taking complements, and p*(J7" 4;) = Y77 u*(4;)
whenever {A,} is a disjoint sequence in M, p* is a measure on M.

Step 3: Finally, it is shown that p is complete. Suppose A € M has p*(A4) =
0, and let B C A. It must be established that B € M. For F C X,

pt(E) < p(ENB)+p*(ENB°) = p*(ENB°) < p*(E),

where the first inequality followed by subadditivity, and the rest followed by
monotonicity. The preceding inequalities are therefore all equalities, so that
p*(E) = p*(ENB) + p*(E N B°) for any E C X. This shows that B e M. O

Existence of p*-measurable sets (other than @ and X) is not readily appar-
ent. Premeasures and the upcoming theorem remedy this complaint. Let A be
an algebra on X. A function pg : A — [0, 00] is a premeasure if:

L MO(Q) = 07

2. uo(UT" A4n) = 377 1o(A,) whenever {A,} C A is a disjoint family and
U 4, € A

A key distinction between premeasures and measures is that a premeasure
is defined on an algebra, not necessarily a o-algebra. Thus {A4,} C A need
not imply (J;° 4, € A. This explains the reason for the “and” conjunction in
part 2 of the definition. If A is actually a o-algebra, then premeasures and
measures on A coincide. Finally, any premeasure on A satisfies the hypotheses
of Theorem 1, so one may speak of the outer measure induced by a premeasure.
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Theorem 4. Let g be a premeasure on an algebra A of subsets of X, and let
w* be the induced outer measure. Then:

1. u*|la = po (that is, pu* extends o),
2. o(A) C M, where M is the o-algebra of p*-measurable sets.

Proof.

To establish (1), it is shown that p*(E) = po(E) for all E € A. Indeed for
any such E, let {A4;}7° C A be such that E C [J;* 4;. The inequality p*(E) <
o (E) follows by taking A; = F and A,, = @ for n > 2 in the definition of the

induced outer measure. For the reverse inequality, put B, = EN(A4, \U?_1 Aj).
Then {B,,}{° is a disjoint family of members of A whose union is E. Therefore,

po(E) = po(lJBj) = mo(By) < mo(Ay),

where the second equality followed by the definition of a premeasure. Since
the choice of the covering {A;}{° of E was arbitrary, po(E) < p*(E) from the
display and the definition of the induced outer measure.

For part (2), Let A € A, E C X, and € > 0. Then there exists a sequence
{B;}{° C A such that £ C |J® B; and % uo(B;) < u*(E) + e. By additivity
of pg on A,

p(E)+ €= po(BjNA)+> po(BjNA°) > p*(ENA) + p* (BN A°).
1 1

Since € was arbitrary, we have p*(E) > p*(ENA) + p*(EN A°). Since E C X
was arbitrary, this shows that A is p*-measurable. O

The following theorem gathers together the results of this section into a form
frequently desirable in applications.

Theorem 5. Let pg be a premeasure on an algebra A. Then:

1. There exists a complete measure p on a o-algebra M D o(A) such that p
extends pg (i.e. pla = uo).

2. If v is another measure on M that extends o, then v(E) < u(E) for all
E e M, with equality when p(E) < oo.

3. If po is o-finite, then u is o-finite and is the unique extension of g to a
measure on M.

Proof.

For the first part, let u* be the outer measure induced by po. By Carathéodory’s

theorem, the collection M of p*-measurable sets is a o-algebra, and p = p*|n
is a complete measure on M. By Theorem 4, M D o(A) and p extends pyg.
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For the second part let E € M and choose {4,,} C A such that E C |J;° A
Now, v(E) < Y7°v(A;) = D7 no(A;) < p(E). (The first inequality is true
because v is a measure, the equality is true because v = g on A, and the final
inequality is true because p = p*|) and from the definition of the induced outer
measure.) If p(E) < oo, it is possible to choose {A;} such that p(A4) < u(E)+e
where A = |J;° 4;. Then v(A) = limv (U] 4;) = lim (U} 4;) = n(A4). (The
first and third equalities are true by continuity from below of measures, and the
middle equality is true because v = pg = p on A.) Since p(E) < oo, it follows
that u(A\ F) < €, and

W(E) < p(A) = v(A) = v(E) + v(A\ B) < W(E) + p(A\ E) < v(E) +c.

Thus v(E) < u(E) < v(E) + €. Since € is arbitrary, u(E) = v(E).

For the last part, if y is o-finite, choose {A;} C A such that X = [J7° A
and po(A;) < oo for all j. Since 1 = 9 on A, it follows that u is o-finite as well.
Furthermore, one may assume the family {A;} is disjoint (by replacing A,, with
A, \Ur" A; if necessary.) Now let E € M. Then E = ENX = EN || 4,
and since g = v on M,

:M(EODAj):iu(EﬂA iyEﬁA quﬂ|_|A =v(E).

Thus pu = v, so p is unique. O
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Figure 1: Construction of Measures



